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The ionization energies of shallow donors in piezoelectric semiconductors calculated in the 
approximation of perturbation theory are presented as series with respect to the degrees of 
anisotropy factor. The obtained relationships are compared to the results of Déverin, Gerlach 
and Pollmann. In the framework of the hydrogen-like model the calculations of ionization 
energy are carried out for shallow donors in CdS and ZnO. 
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 1. Introduction 
 

Ionization energies of shallow donors and excitons in anisotropic crystals can be investigated 
in the framework of the hydrogen-like model [1 to 3]. The solutions of the Schrödinger equation 
obtained by Déverin [4] allowed to determine the energy levels for the ground and excited states of 
both excitons and shallow donors in uniaxial crystals. The introduction of an effective charge factor 
and a good selection of the unperturbed Hamiltonian had allowed to Gerlach and Pollmann [5 - 7] to 
receive a more accurate solution of this problem. 

In this paper we investigate the ionization energy of shallow donors presented in the form of 
series of the anisotropy factor degrees (up to α6) for the ground and excited states of shallow donors. 
The quantitative comparison of the results obtained by means of the series is carried out to those 
calculated according to the relationships of Déverin [4] and Gerlach-Pollmann [5 - 7].  

The numerical calculations of energy levels of shallow donors in CdS and ZnO are carried out 
using the experimental data from [3, 8-10].  
 
 

2. The first order of perturbation theory in anisotropic crystal 
 
The effective-mass approximation Hamiltonian for donor electron in an uniaxial crystal is 
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where Ze  and e are the charges of ion and electron, respectively, *
⊥m , *

||m , ⊥ε , and ε|| are the effective 
masses and static dielectric constants in the directions perpendicular and parallel to C-axis (which is 
taken to be in z-direction). Using the transformation of Wheeler and Dimmock [2].  
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the transformed Schrödinger equation in the spherical coordinate system is given as 

( ) ( ) ( )rErHH rr
ΨΨα =+0 ,                                                   (3) 

In the spherical coordinates H0 and Hα are given as 
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The quantities γ and α are called as anisotropy parameter and anisotropy factor, respectively. The 
Shrödinger radial equation in the zeroth approximation can be written as  
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The wave functions and energy levels of the unperturbed Chrödinger equation with the Hamiltonian 
(4) are  
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In the case of small values of α the solutions of  the total Shrödinger equation (3) can be found 
by means of the perturbation theory. In the first order of the perturbation theory the ionization  
energies are determined by the relationship 

E E Hnlm nlm nlm nlm= + < >0 Ψ Ψ| |α .                                            (11) 

If the values of α are small, the perturbation operator Hα  can be expressed as the series 
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By substituting (12) in (11) and taking into account the radial and spherical parts of the 
hydrogen-like functions [11], one obtains the ionization energies of a shallow donor with the accuracy 
to α6: 
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Expressions (13) - (16) are convenient for numerical calculations of ionization energy. 
Keeping the quadratic terms on α in (13)-(16) one obtaines the results from papers [2, 8] in the zero 
magnetic field, and with allowance for the terms cubic in α. They are the same as in paper [12]. 

The relationships for the ionization energy can be also obtained without expansion (12) by 
substituting (5), (9), and (10) immediately in (11). Then one gets   
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Note, that the relations analogous with (17)-(22) were obtained for the first time by Déverin 
[4] under investigations of the binding energy of Wannier′s excitons in anisotropic crystals. 
 Relations (17)-(20) can be generalized by introducing the effective charge factor ( )Z lm α  [6]: 
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As a result, the expression for the ionization energy can be written as 
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The introduction of the effective charge factor ( )αlmZ  gives the possibility to include 
anisotropy characteristics of materials in the effective charges of defects.  

Besides the above presented method for the determination of the ionization energy of shallow 
donors, the method of Gerlach-Pollmann [5 - 7] is known which allows to receive acceptable results 
in a wider range of anisotropy factor values.  

After averaging over the angular variables it was obtained [6],  
lm
p

lm HHH += 0 ,                                                               (25) 
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where 
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According to [6], the eigenfunctions of the Hamiltonian H lm
0  with allowance for the 

dependence on the anisotropy factor have the form  

( ) ( )( ) ( )ϕθααΨ ,,,)( lmlmnlmnl YrZRr =
r .                                    (28) 

The eigenvalues of lmH 0  have a parametric dependence on the anisotropy factor:  
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In the first order of the perturbation theory on lm
pH  the energy shift is zero [6]. The 

contribution of the second-order perturbation is small [6,7]. So, the zeroth-order approximation (29) 
gives an acceptable accuracy. 

 
 
3. Numerical calculations for semiconducting materials 

 
The ionization energies of shallow donors in piezoelectric crystals were calculated using 

expressions (13)-(16), (17)-(20), and (29). Fig. 1 shows the calculated dependences of the ionization 
energy on γ for E1S level in the range α > 0 which take into account the series on the anisotropy factor 
degrees α2 and α6 (curves 1 and 2, respectively). One can see that these curves monotonously 
approach to the data of Déverin (curve 3). The dependences calculated by the method of Gerlach-
Pollmann (curve 4) and the variational method of Faulkner (curve 5) are situated below the data of 
Déverin. As follows from Fig. 1, in the range 0.7 < γ < 1 the ionization energies of E1S level calculated 
by both methods are practically the same. For γ < 0.7 the variational method is more suitable.  

In CdS and ZnO crystals the anisotropy factor (α > 0) has a small value, and the ionization 
energies of shallow donors, estimated from relations (13) - (16), (17) - (20), and (29), are practically 
the same. The determinations of  the ionization energies of shallow donors in piezoelectric crystals is 
complicated due to peculiarities of their permittivities ε⊥ and ε||. According to [8], they can be 
expressed as  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 1. Ionization energies of 1S level vs γ in the range α > 0: at including the series on the 
anisotropy factor degrees α2 and α6 (1 and 2, respectively), 3 - the method of Déverin (17), 4  
       - the method of Gerlach-Pollmann (29), 5 - the variational method of Faulkner [13].  

 

-4

-3

-2

-1

1.00.50.0  

γ

1

2
3

4

5

E 1S
 / 

E  0



Energy levels of shallow donors in CdS and ZnO 
 

395

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
><+=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
><+= ∑∑⊥⊥

j
j

j
j KK 2

||0||
2

0 1,1 εεεε                                (30) 

 
where ε0⊥ and ε0|| are the static permittivities of piezoelectrics measured without taking into account 
the piezoelectric resonance [8]. ><∑

j
jK 2 is the spherically averaged electromechanical coupling 

constant summarized over the longitudinal and transverse modes.  
 Table 1 presents the results of the calculations of the ionization energies of the ground and 
excited states for shallow donors in CdS. As follows from the calculations, their ionization energies 
are in a good agreement to the data of Ref. [8] which were obtained from the investigations of two-
electron transitions at decomposition of exciton-donor complexes. Note, that in [8] the estimations 
were performed for a 1S state ionization energy only. 
 

Table 1. Ionization energies (meV) of shallow donors in CdS. 
 

 

 37.80 =⊥ε , 00.9||0 =ε  [8], emm 19.0=∗
⊥ , emm 187.0|| =

∗  [8], 

9449.0=γ , 035.02 >=<∑
j

jK  [14], 0.25* =Ha Å 

  Energy states 
  SE1  SE2  

xPE2  
zPE2  SS EE 12 −  SP EE

x 12 −  SP EE
z 12 −  

1 Theory -32.64 -8.16 -8.10 -8.28 24.48 24.54 24.36 
2 Exper. 

 data 
Cl:-32.7[8] 
-32.0 [8] 

   23.88 [8] 24.36 [8] 24.19 [8] 

  02.90 =⊥ε , 53.9||0 =ε  [3], emmm 205.0*
||==∗

⊥  [3], 

9465.0=γ , 02 >=<∑
j

jK , 9.23* =Ha Å  

  Energy states 
  SE1  SE2  

xPE2  
zPE2  SS EE 12 −  SP EE

x 12 −  SP EE
z 12 −  

1 Theory -33.04 -8.26 -8.20 -8.38 24.78 24.84 24.66 
 
 

Table 2. Ionization energies (meV) of shallow donors in ZnO. 
 

  33.80 =⊥ε , 84.8||0 =ε  [10], emmm 32.0*
|| ==∗

⊥ [14], 

9423.0=γ , 074.02 >=∑<
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jK  [14], 2.15* =Ha Å 

  Energy states 
  SE1  SE2  

xPE2  
zPE2  

1 Theory -52.27 -13.07 -12.97 -13.28 
2 Experimental data -52.0 [10]    
  33.80 =⊥ε , 84.8||0 =ε  [10], emmm 19.0*

|| ==∗
⊥ [10], 

9423.0=γ ,   02 >=∑<
j

jK  ,  9.23* =Ha Å 

  Energy states 
  SE1  SE2  

xPE2  
zPE2  

1 Theory -35.80 -8.95 -8.88 -9.09 
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As follows from Table 2, a good agreement between the calculated ionization energies and the 
experimental data for ZnO crystals [10] takes place under using the effective mass m*⊥ = m* || = 
0.32me.[14]. In the case of emmm 19.0*

|| ==∗
⊥  the essential difference of the calculated ionization 

energies of shallow donors (E1S = 35.8 meV) from the experimental data (E1S=52 meV) caused the 
authors of Ref. [10] to suppose that the 1S state is not a state allowed to be described by the effective 
mass approximation. We believe that the use of the effective mass values from [14] and the 
parameter 074.02 >=<∑

j
jK allow to receive a coincidence with the experimental data [10] in the 

framework of the hydrogen-like model. 
 
 

4. Conclusions 
 
In this paper we have obtained the relationships for the ionization energies of shallow donors 

in the form of a series of the power of the anisotropy factor α (up to α6) for ground and excited states.  
The allowance for the permittivity anisotropy removes the degeneration of excited states 

typical for the isotropic hydrogen-like model.  
The comparison of the calculation results obtained by the different methods based on the 

hydrogen-like model shows that this model allows to describe adequately the ionization energies of 
shallow donors in piezoelectric crystals of CdS and ZnO. 

 
 

References 
 
  [1] G. Dresselhaus, J. Phys. Chem. Solids 1, 14 (1956).  
  [2] R. G. Wheeler, J. O. Dimmock, Phys. Rev. 125, 1805 (1962). 
  [3] J. J. Hopfield, D. G. Thomas, Phys. Rev. 122, 35 (1961). 
  [4] J. A. Déverin, Helv. Phys. Acta. 42, 397 (1969).  
  [5] J. Pollmann, phys. stat. sol. (b) 63, 501 (1974). 
  [6] B. Gerlach, J. Pollmann, phys. stat. sol. (b) 67, 93 (1975). 
  [7] B. Gerlach, J. Pollmann, phys. stat. sol. (b) 67, 477 (1975). 
  [8] C. H. Henry, K. Nassau, Phys. Rev. B 2, 997 (1972). 
  [9] D. C. Reynolds, C. W. Litton, T. C. Collins, Phys. Rev. 174, 845 (1968). 
[10] D. C. Reynolds, T. C. Collins,  Phys. Rev. 185, 1099 (1969). 
[11] S. Flügge, Practical Quantum Mechanics I, II - Springer-Verlag, Berlin-Hedelberg-New  
       York, 1971. 
[12] A. V. Konstantinovich, S. V. Melnychuk, I. M. Rarenko, I. A. Konstantinovich, Third  
       Int. School-Conf. on Phys. Problems in Mater. Sci. of Semicond., Chernivtsi (Ukraine),  
       September, 1999; Abstract Booklet, p.213. 
[13] R. A. Faulkner, Phys. Rev. 184, 713 (1969).  
[14] A. R. Hutson, J. Appl. Phys. 32, 2287 (1961). 

  
 


