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Analytica treatment of the three-dimensional SBS model is presented and developed in order
to guide the SBS geometry optimisation and the study of the transversal effects (including the
phase conjugation fidelity of the Stokes wave). Analytical solutions were found for Gaussian
and axia symmetric pump beams, which provide important control parameters for the SBS
process and are easier to be used in comparison with the numerical results. The consistency of
the andytical solutions obtained for Gaussian non-depleted and depleted pump waves with
those obtained for more general pump waves and with the numerical results was ensured. The
analytical results fit well the present experimenta results. We have also calculated the SBS
reflectivity and phase conjugation fiddity. In the practical cases, these important parameters
can be written as simple functions of the pump energy can be related in a manner, which is
well supported by the numerical simulation and experimental data.
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1. Introduction

SBS can be modelled by a set of three differential equations describing the interaction
between the light waves and the acoustica wave yielded in a nonlinear medium [1-10]. Due to the
complexity of the nonlinear differential eguations of the three-dimensional SBS modd, severa
authors have solved them in different approximations or numerically, giving information about the
evolution in space and time of the three interacting waves. pump wave, Stokes wave and acoustic
wave.

Ridley et al. [11] studied the three-dimensional SBS process when the pump intensity profile
is Gaussan; they have obtained an andyticd solution in the case of quasi-steady state and non-
depleted pump and numerica results in the case of depleted pump. Suni and Falk [12] and Miller et
al. [13] have done numerical simulations of 2D and 3D SBS, in steady state and non-depleted pump
approximations, valid near the SBS threshold only. Numerical modds for 1D SBS, in depleted steady
state, were presented by Tang [14] and by Menzd and Eichler [15]. 3D SBS, in depleted steady state,
was numerically studied by Kummrow [16], Moore et al. [17], who developed the light waves in
terms of Hermite-Gauss orthonormal functions. Stoddard et a. developed an anaytic modd for the
evduation of the scattering cross-section, which depends on the aperture, natural and induced non-
uniformities [18].

In the study of the transverse effects in SBS, Visnyauskas et a. [19] constructed a simplified
three-dimensional modd (with cylindrical symmetry) and found out an anaytica solution for an
initial condition taken as a series of Gauss-Laguerre polynomids. The solution permits the correl ation
of some transversal and longitudinal effects (for ex. the dependence of Stokes pulse duration on the
divergence angle and the dependence of SBS reflectivity on the transversd envedope of the pump
intensity).
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V. Raab & d. [20] studied the transversal effects in opticd phase conjugation in lasers with
SBS mirror. The expansion in Gauss-Hermite modes is performed and the transversal problem is
linearized for the clarity of the solutions.

V. Babinet a [21] and V. Vlad et d. [22] have built athree-dimensional wave model for SBS
and they have andyticdly treated the SBS process, in the case of dowly varying envdaope
approxi mation and steady state regime.

Kuzin, Petrov and Fotiadi [23] and Mashkov and Temkin [24] studied the transversd
egenmodes propagation in different SBS waveguiding structures. Rae et a. used in [25] a numerical
mode for SBS in optical fibers with non-uniform properties, which in turn induce spatial non-
uniformities of the induced acoustic field. Anikeev et al[26 ], Lehmberg [27], Hu et al.[28], studied
numerically 3D steady state SBS, with depleted pump, in optica fibers, where dectric fidds are
expanded in the series of ortho-normal functions corresponding to the propagation modes of the
fibers.

Recently, S. Afshaarvahid et a. [29] have presented a transient, three-dimensiond modd of
SBS and have used it to study the phase conjugation in SBS and the mode structure of the Stokes and
pump pulse inside the SBS cdl. They confirm the experimenta observation of pulse-shape
dependence of SBS phase-conjugation fidelity presented by Brent Dane et a. [30].

In this paper, we find anaytical solutions of SBS with a depleted spatial Gaussian (TEMgo)
pump beam, in steady state, which lead to high reflectivity and phase conjugation fidelity. Our
solutions are compared with the results of Ridley & a.[11] and the numerical the transient, 3D
numerical simulations of Afshaarvahid and Munch [29] and a good agreement is found. The
reflectivity and fiddity are cdculated and the analytical results fit well the experimental and
numerical data.

More generally, we present analytica solutions of the SBS three-dimensiona model in the
case of pump beams with cylindrical symmetry [21, 22], which lead to the previous results in the case
of the Gaussian pump beams.

2. SBS with a spatial Gaussian pump beam
SBS with a spatial Gaussian (TEMgo) pump beam can be conveniently described using steady

state approximation (pump duration > (phonon lifetime){igsl L)% in SBS equations, the time
derivatives vanish), which leads (in cylindrical coordinates) to:

0E,(¢,r) . 0%E.(¢.r) _ _ 2 ,
Py L R S Es(¢.r) Ealdur) (1)
0Es(¢,r) . 0%Es(¢,r) _ 2 5
Y 0|Ee (¢ 1) Es(¢or), (1)

where EP(Z : r) is the complex amplitude of the pump wave, ES(Z , r) is the complex amplitude of
the Stokes wave, 0 =(ggLl,) &' =gy, ™', 1,=1,(0), a is the linear absorption

coefficient of the SBS materia and (¢ =kx, 7 =ky, ¢ =kz, r =+/&% +1? ) are the normalized
coordinates. Considering the pump wave with Gaussian space (and time) profile:

E.(¢.r)=Ex(¢) texpl-r?/w2 (7). @
the intensity of this particular, but often used, pump is:
E,[ =1,(r)=1,(0)rexplar? 1w2) 01, (0) - (2r 1w, 3

where w;, is the pump beam width and the parabolic approximation was used (near the origin, where
the most significant amplification occurs).

We assume that the scattered beam will have a similar spatia distribution and look for a
solution of SBS equations of the form:

ES(Z’ I’) = ES(Z) |:‘E)(pl._ I’Z/Wg(Z)J, (4)
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where ws is the scattered beam width. Another approximation, usually met in experiments, will be
aso considered in our cdculations. the week-diffracted (low divergent) wave approximation (large

beam radius).
Introducing (3) and (4) in the Egs. (1') and (1''), we can arrive to the following equation

system:

AL e o A S R La(1) o -2 =0
al "lag (W, W, re\w, ) r? W ) °

0'_S+(2rz)msl_i[ij_4i[ij Z_HU_[M_HO ©
of 0¢ \ Wy Wy re\ Wg r W,

2 2 2 2
where |, =|Ep|", 15 =|Eg| , Wp =w? and Wg =w3.
If r - 0, theEgs. (5) lead to:

dl, (1
— =20, O 1o +4i| — |l
a7 B—P's (ij P
dl g (1
—= =20, O 1, —-4i|—|I 6
a( UB P'S I[Wsj S ()
andif r — oo, (5) become:
2
i(iJ—m(ij +2asms(iJ=o
0\ W, W, Wy
2
) o
ad \ Wy Wy W,

For an arbitrary radial coordinate, r, the equation system (5) has four prime integrals, i.e. four
nonlinear differential coupled equations, which describe both the longitudind effects, by

1,(¢), 15(¢), and the transversal ones, by ﬁ({) @:

ol (1
a—;:4|(W—PjDP _ZUBDPIS

I .
a—S=—4| 1 Og-20, Ol
7 W,

selo74lst) 2o i)

0¢ W W, W

i(ijz_m(ij _20, [EL}P. ®
a¢ |\ W, W, W,

Considering theinitid conditions:

1 1 1 1
L AT LA S

Po

the singular solution (for 0/0¢ = 0) of the system (8) has the form:
I

PO:_ISC;
l =1g;

W, =@/ 210 O™
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=@/ 2o, O] (10)
In (10), there are three independent equations. Developing the SBS nonlinear equation system in
Taylor series, in thevicinity of theinitial conditions, one can obtain:

oy, . (1) 4 ., _0Og
a—zl—zols[ij, ({,=4i0g{; 7 2i)

s, (1]

oz, 2w )’

o (1)_ 1Y) (1)

sl )=l )+l

0 (1 )__, 1,01

G_Q(VTSJ_ zOIP+zo(WPJ ZZO(WSJ. (11)

The characteristic determinant of the linearized SBS equation system (11) is zero, thus, the four
functions (15, 15, Wi, W;*) are not linear independent in the initial conditions (point). We choose

the independent functions of this system (I oWt Ws'l) and the independent equations:

ds _ (1)

a7, (wg)

G O R T vo BN P e 2

AT GG R e |

T P e R

se o) =#l ol )

The characteristic equation of the system (12):
-3Z2 M-z =0 (13)
has the solutions:

A =-io, E:o{gj; A, =+io, E:o{%[j; A, =+o, E:os(%[j. (14)

In these conditions, the solutions of the SBS equation system (12) take the form:
S(Z) C21 1‘75( +C (& # H08¢ +C K-} ﬂ3UBZ
1
We ()

— C31 @ﬂlasz + C32 @‘ﬂzUBZ + C33 |]3_N3UBZ : (15)

— Y4 ~1508¢ ~H08(
=c,, &% +c,, [ +c,, [&77,

1
W, (<)
where the following notations are used: 4, =4l [eos(77/9), u, =4l [os(277/9) and
U, = 4l [os(477/9).
The evolution of the pump(l P ) can be derived from:

01-({) _

= 16

% 1s({) - m ( ) (16)

as 1.(0) = ( ZoCy1 ~ Cyy jeulaai ( ZoCp ~Cyp je—uzaai [ ZCy3 ~ Cs3 je—ugaai . an
10 H0% H30g

In order to obtain finite solutions in (15), we impose the following condition to the integration
constants:



Analyticd treatment of the three-dimensional mode of stimulated Brill ouin scattering... 585

Cy =Cy =Cy =0. (18)
Using theinitial conditions, one can deduce:
_ (I /1 po)e"”S"BL =(I(L) /1 ,0) . o = _(Isollpo)e"”z"BL = (L)1)

22 e‘//3UB|- — e_/lzaBL 123 e_/l3UB|- — e_/lzaBL !
C@IW,0)eHE —@WIW, (L) (LW, (0)e % — (LW, (L))

32 7 e‘/l3UB|- - e_/lzaBL ! ch e_/l3UB|- — e_/lzaBL !
_ WO —UW(L), | WO ML)

42 e‘/l3UB|- — e_llzaBL 43 e_/lgaBL _e_/lzaBL

Using these results, we can calculate an overall parameter, which is smple to be measured,
the SBS (energy) reflectivity:
R= {Ds ] , (20)
0

where [, s are the energies of the pump (subscript p) and Stokes pulse (subscript S), respectively.
In the case of week diffraction, the intensity of the pump fidd, with Gaussian spatial and
tempora profil es, can be written as:

2 2
r t
2
W2

1,(rzt)=1e e ¢, (21)
with 1o = 1,(0) is the pesk intensity (at r = 0, z= 0), Wy(2) is the pump beam radius and t_ is the laser
pulse duration.

The intensity of the Stokes beam may be considered also as product of spatial and temporal
factors, when the strength of the nonlinear coupling is small:

2
r t r

5 2 r 2 2 rz[EAW] t2 tz[ém]
_ b  E— - - —2-_p="s - —-2° =S
ls(r,zt)=lg(2)e W(2) 6 =g (w, -ows & {t,-ats) ~e w (& wp (W, & t (& Bl

(22)

_2i 1_WS t [E_ti]
WZEE wp] 20t
=e WU U g =g g (we /wy ) Tt (s 18,00,

where f,(r,w,,(ws/w,)...) is a function related to the phase conjugation fidelity
(f, -1 wg(2)/w, - 1), the function fz(t,tp,(tsltp),...) is rdated to the laser pulse
compression (f, - 1 ts/t, —» 1). When SBS reaches the steady state (defined by us in the

saturation regime [5]), we can consider that the fidelity is close to one and almost constant in a
definite plane and that the laser pulse compression is negligible, with f, = 1.
The corresponding energies and the SBS refl ectivity may be written as:

Wp 2 tp 2.2

O,= 1o [ € pdp € "“ait =1.1972°1 W (1, = 6.6371 W [,
o 0

Os= 6.6371 o, W2 [i;

R= Dﬁs - I SO(Z)Wg(Z) E}é . (23)
O, w2 ¢,
In (23), we could identify the first factor to a transversal component of the SBS reflectivity, Ryans.
Thus, it is important to remark that the SBS reflectivity shows a different dependence on the pump
energy, initsrapid rising part, if there is pulse compression or if thereis no pulse compression. Inthe
steady state, where the pulse compression is always d ose to unity, the dependence of R on the pump
energy is amost saturated and essentially determined by the transverse features of the Stokes wave.
In the case of negligible pump pulse compression, which is expected for long pump pulses,
the SBS reflectivity can be further evaluated by:
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_[1s(@) (@) 2
16 (¢) W, (¢)
After the cal culati on of the integration constants, we can further obtain:
R, ch[2.185I  (L)ogkz+In¢gg] + Ry, (25)

ch[2.1851 {(L)ookz + INg@e] + Ry, |
Cay ) [CasC 02+4(C /c ) 2
R, =0, -2 | |-=~2| Ze 33/ Y23 [UB C32 /sz) ] .
Cpo )\ CCi3| O gt 4 C32 / C22
CusCsp _ =1; ¢ CsCas %/ g g T 4 Css/ Czs
S 2R 1/
C4,Ca3 Cs2C20 o Bt 4 Csz/ C22

_1 izzcss C23(:32
R =

2 C22 C23(:32 C33

-1
Ro - 1 ﬁ E\/UB + 4(C33/C23 _ C43Cy3 %/UB +4 C33/C23
5 / .
2 [ ¢y \0f +4(cy,/cp,) CuCs | O +4(Cy/Cpp)°
In the small SBS signal or reflectivity (the pump non-depletion) regime, one can introduce:

=0gloL<<1;9,,=1;¢.,5, =1;R,; =0; R, =0 and thereflectivity (a z = L) takes the simple
form:

where:

1:(0)—1¢(L
R=0, _2( ) S_(2 ) : (26)
Wg 0 - Wy (L)
which shows the expected linear dependence on the pump intensity (o0, ). We remark tht, for
pump short pulse duration (shorter than the phonon lifetime), the pulse compression could occur,

which multiplies the reflectivity from (26) by a factor 1/ \/H and | eads to the parabolic dependence;

RO, .

In the steady-state (saturation), we can find again ¢, =1; ¢, =1; R, =0; R, =0 and
the refl ectivity can be expressed as:

R s(L){ 1 W;(O)}

. (27
w2 (L) 20} V\/:;(L)

The numerical calculations of Ridley et a [11] show that the Stokes beam is narrowed due to
the higher gain at the centre of the pump beam and ensure thetest inequality R <1 for (27).

Our analytical results were dso checked experimentally using a Nd:Y AG laser (oscillator-
amplifier system), the measuring and coupling systems and the carbon disulphide (in aglass cdl ) as
nonlinear materia (Fig. 1).

The oscillator consists of a Nd:YAG laser, Q-switched operated using a Pockds cdl with
KDP crystal. The output energy from the oscillator was maximum 0.4mJ (maximum voltage of power
supply), in abeam near diffraction limited and with reduced spectral width and in a pulse with atime
duration of 60ns. The amplified pulse was focused with convergent lenses into a cell containing CS;
as nonlinear medium. An optical isolator (a Glan prism and a quarter-wave plate) is introduced
between the amplifier and the cell. The laser was operated a a repetition rate of 1Hz. In the
experiment, we have used a laser beam diameter of 5mm and a lens with focal length of 100mm,
which lead to a beam waist of 0.006mm (in the focal plane).

In order to measure the SBS reflectivity, a wedge or amirror is placed into the beam to get a
reference beam for the pump energy and the backscattered Stokes energy. The energy of the beamsis
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measured using pyrodectric detectors RIP-735 in combination with a monitor RJ-7200 (Laser
Precision) and the pulse duration using a fast photodiode and a Tektronix oscilloscope TDS 520 type.

In Fig. 2, the dependence of the SBS reflectivity, R, in function of the pump energy is shown.
Thereflectivity increases with the energy of theincident light pulse, saturating at approximatdy 90%.
The SBS threshold energy is estimated at 0.4mJ, by extrapolating the experimental curve of the SBS
reflectivity. The experimental data are obtained up to the energy corresponding to the breakdown
energy in the carbon disulphide at usual chemical purity. One can notice that a good agreement
between the calculated reflectivity and the experimental data is obtained for both the small signal
(reflectivity) and the saturation regimes, only.

Nd:YAG amplifier Nd:YAG oscillator
OF | ] |
Detectorl
- =

Brillouin cell

M2 Glan M4 Detector2

polarizer

Fig.1. Experimental setup for the measurement of SBS reflectivity.
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Fig. 2. The dependence of the SBS reflectivity, R, in function of the Gaussian pump energy

(including pump depletion). In the small signa region, the linear dependence derived in

Eq. (26) is drawn with continuous line and in the saturétion region, the analytical dependence
from Eq. (27) is used to fit the experimental data (marked by points).

The fiddity of the phase conjugated Stokes wave can be derived from the definition given by
Zddovich et d [1]:
‘ | J' [E.(, r)dr

H(E)=
”JEP a,r | (el Ef_UEs a,r | ) coir?
With our analytical solution from (15), it is possible to calculate:
H(2) = ch[2.185I ;(L)ogkz +In¢,, ] +ch(|n¢3H). (29)
ch[2.185l (L)ogkz+Ing, ] +1
In (29), we have dencted:

(29)
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H. =la V(CSZC42)ﬂCSSC435 | O _|Css +C43 . O
0o~ D( + )[( + )1¢1H_ —1¢2H_71¢3H_ -
Cy +Cypp JLUCss +Cyg ‘ CpoCs Cyp TCy CyCs

We can evauae the fiddity in the smal SBS signa (pump non-depletion),
Og =03l L<<1; ¢,,, =, =@,, =1)regionandforz=L, as:

A (0 ~ W (LW (©) - we(L)] |
{w;2(0) - w2 (L)] + (w2 (0) ~we2 (L] |
which is smdler than 1, for wg<w, and could reach 1, when
[W;?(0) - W2 (L] = [W&(0) - wi(L)]

In the steady state (saturation), we have found: @,,, = @,,, = @,, =1 and the fiddity from
(29) takes the form:

H =

(30)

_ Aws (L)wg (L) _ Awg(L)/wi(L)
wew+we vzl

Taking into account the relation between the beam size ratio and the reflectivity from (27), we can
further find the simplerdation:

(3D

H=*R_. req, (32)

(L+RP
which shows that fidelity grows to 1 faster than reflectivity and tendsto 1, as R — 1. This dependence
isshownin Fig. 3.

R

03 04 05 06 07 08 09 1

Fig. 3. The dependence of the SBSfiddlity, H, on the SBS reflectivity, R, for Gaussian pump
waves (including pump depletion).

Our analytical results are in agreement with the best simultaneous experimental results for
SBS reflectivity and phase-conjugation fiddity, obtained by Brent Dane & al.[30], with a single-
frequency TEMgon Q-switched Nd:YLF laser (A = 1053nm, t, = 15ns), in liquid carbon tetrachloride
(t O1ng) and gaseous N, at 90atm (t [115ns), which are denoted in the following table, Req and Hexp,
respectively.

Table 1.
0, [ma]] 10 20 30 40 50 60 70 80
Rep |0 03 0.45 0.54 0.6 0.63 0.67 0.7
Hep | O 0.73 0.85 0.9 0.93 0.94 0.96 0.97
H; 0 0.71 0.86 0.91 0.94 0.95 0.96 0.97
R 0 - 04 0.55 0.62 0.66 0.68 07
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In the Table 1, the fiddity, H;, is calculated with the Eq.(32) using the values Rop and R; is
calculated with our EQ.(27) for the saturation regime. The theoretical data compare favourably to the
experimental ones, Heyp.

One remark that, once the SBS reflectivity is measured, the fiddity could be estimated by
Eq.(32), at least when the pump beam duration is much larger than the phonon lifetime (and the
fiddity fluctuations are small).

Thus, we could predict the fiddity in our experiment devoted to the measurement of SBS
reflectivity.  Using the reflectivity data versus pump energy from Fig. 3, we have calculated the
fiddity, H;, with Eq.(32).

Table2.

O 055 | 0.66 |0.88 11 144 | 155 |18 2.2 2.6 294 | 352

Rew | 0.2 0.34 |0.48 061 |072 |078 |0.81 |082 |[086 |089 |0.92
H, 056 | 0.76 | 0.88 094 097 | 098 099 |099 |099 |0.966 | 0.998

In this experiment, the fiddity could reach very high values due to the high SBS reflectivity.

This result is dso in a good agreement with the numerical calculations of Afshaarvahid and
Munch [29]. For standard experimental conditions, with a pump pulse of 30ns, w, = 0.5cm and energy
140mJ and for a SBS material with the refractive index n = 1 and phonon lifetime 0.85ns, the
calculaed overal reflectivity reaches 78% (at saturation) and the fidelity, 94%. Our Eq.(32) and the
abovereflectivity lead to H = 0.98.

Using the numerical calculated data from Fig.7 of [29], denoted by Ry, and Hgp, respectively,
we have checked again our analyticd reation between SBS reflectivity and fidelity from (32). The
predictions for the fiddity are denoted by H, and are shown in Table 3.

Table3.
O, /O 2 3 6 8 10 15 20 30
Ram 0.35 0.5 0.7 0.75 0.8 0.86 0.88 0.95
Hsim 0.77 0.85 | 0.92 0.94 0.95 0.97 0.97 0.98
H; 0.77 0.84 | 0.96 0.98 0.99 0.99 0.99 0.99

One could remark that the agreement of our prediction for fideity (Eg. 32) holds wdl with the
numerical calculations even in the non-stationary SBS, for Gaussian pump waves.

3. Analytical solution of the 3D SBS model with a spatial axial
symmetric pump

In order to emphasise the transverse effects in SBS, we can write the wave eguation, which
describes the evol ution of the e ectrical field of the light beam inside of the nonlinear medium, as:

2 o 22 22 22 = NL
(nj 0°E_0°E _0°E _0°E ndf . 4m0PT|_. (33)
c) o> x> ody> 0z° cot nc ot

where n is the refraction index, ¢ — the speed of light in vacuum, E - the amplitude of the optical

fidd, o - the linear optical losses andP™ - the nonlinear polarization of the medium. The initial
conditions for the dectrical field and its derivative are:

E(t:x,¥,2)-0=0
& (1%, 2)eo= 0 @

We can define the function:
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F(r;t)= o E+a E (njgﬁ a[E+(4ﬂ)aPNL - (35
Xt ay? ot nc) ot

For regulated distributions, the general solution of Eq. (33) with initial conditions (34) can be written
in the form:

(tr)
E(x,y, zt) —jerj F(x y, & 1)dé (36)

=-C(t-1)
H . (37)

with: F(x,y,z,t)=—(2j@(%{a[l£+(mj op™ -Sfq {

We can introduce the “longitudinal characteristics’ (coordinates) of the scattering proc&s as.

_[C : _(c
EL_(HJ[H-'-Z’ fs—(njtﬂ—L (38)

with the meaning of the directions along which the pump and the Stokes fidds are propagating,
respectivey. With transformations (38), the solution (36) becomes:

(5L+<‘s) fL_%
E(x, v;é..6s) fD J dr0 [F(xy:é,7)dé (39
£+
The derivatives of the light éectrical fidd aong the pump and scattered (Stokes) characteristics
(€,,¢5) arerespectively:

ZC(ZL £s) De,+es)

aEL(XvaELvEs)_ _a 0Es(xy.& Es)_c = _ ct (40)
—w _%D ) |:[EL F}T}dT —SsnLnSs % s =0 '[ F[[ €s +F]’T}dr
and can be devel oped in the following manner:
oE a n_0 D A
——-=-—T[E, 7'37 +—=IE AGE,
0¢, 4 n< 0é, T
(41)
oE a m_0 D A
75:_*[Es Tmi igsAmEs’
0&g 4 0&s T
2 2
where A _i+i is the transverse Laplace operator and (DL,DS)are the integration
x> oy?

congtants. Egs. (41) are obtained from the wave equations (hyperbalic type ones) by integration of the
solution along the characteristics. They may be thought as deriving from Fokker-Planck type
eguations by a specia averaging. For Gaussian processes, one can take D = Ds,

In order to simplify the SBS equations, we can normalize the amplitude of the pump, Stokes
and acoustic fields as:

EL = cn L EE ’ E = y % (42)
87"0 n* (0o

with 1o — the maximum pump intensity, % — the dectrostrictive coefficient, @ - the density of the
propagation medium and 4p - the density variation due to the interaction with the laser (optical) fid d.
Furthermore, we i ntroduce the phases of the pump, Stokes and acoustic fid ds:
¢ =at+k [Z; ¢, =at-klzand ¢ =at+klz, (43

with @ - the angular frequency of the corresponding waves and k; — the corresponding wave vectors
(i=L,9.

The general SBS equation system, including transverse effects, takes the form along the three
characteristics (¢, , ¢, 9 ):
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0E, _ o 0 (o -
a¢t = E[EL %(ES [Eac)+ D 4, mD(EL)
0Es _ d 0 (= o ~ (s
5¢z = EEES a%(EL [Eac)+ Dy mD(Es) (44)
aEac _ ( )
Y] ~2A[E,; + g, {E, [Eg) +D, PR
where d=al& =al2;=alk arethe normalized losses, A=2uT is the gain of the acoustic field,
o dy*f
Og, = 95 (g O, is the normalized Brillouin gain, g = L is the Brillouin gain,
¢ hip, V[T

L; =47v/a - the minimum interaction length and v - the hypersound velodity. The third equation of

system (44) describes the evolution of the acoustical fidd Ex aong the characteristic line ¢. It is
deduced in the same way as the equations for the optical fidds E, , Es, but from the Navier-Stokes
equation.

Using the method developed by Yariv [2], we can project the characteristics (dg, ;) on the
characteristic (dg):

(e gy (@), (45)
dg, (ij dgs (w]dqb

We shall consider the SBS geometry with cylindrical (axial) symmetry, when the transverse

Laplace operator becomes: AD:62/0r2+%§, where by r is denoted the normaized, radia
r

coordinate. We introduce the absorption in the fidds as:
E, =E &% andE,=E. &7, (46)
in order to simplify the equation writing to:

E 2a"p ; R
%¢L = (2A+0’ ) ac s an 2 ELES2 _(ES + EacEL)D
0°E
+D ac DDL w a 2L
OE.

2

s = (oAt @)L, + 05, @ E B~ (ELEL-E D00

p - 2 (47)
0°Ey . _. 0°E
+DL¢TZS+EaCDL¢T2L

E, .. _ S O°E
T;c - _ZAEac + ane ! ELES + DL¢ arzac '

where "= a'(w, /2w). For weak acoustical field, E . <<1, the SBS equation system (47) can be
written in the form:

o
S Y-

Integrating Egs. (48) along the acoustical characteristic direction wst —ksz =0, one can
obtain the eguations of evolution for the transversal pump and Stokes fiddd components (denoted
E. adEg):
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9%E; o 2
D, ¢ D?_+an (e [(Es [E,

0°E.L S .
D g EITZSW =—0g, (@27 [E,_T2 [Eg, (49)
r

or, more compactly:

0°E,, Vo .
or? =+SlEs [E,

0°Ee . .
alrEj =-SIE_[E, . (50)

where S = g, Eﬁexp[—a k“’;@} 3

The integration dong the longitudinal characteristics (¢L , ¢s) leads to the decoupling of the

longitudinal derivative in (48). The eguations (49) and (50) have as boundary conditions the
longitudinal solutions, found by us in the 1D SBS modd [5]. Considering the transversal effects as a
“correction” of the longitudinal ones, as was dso done by Menzd and Eichler [15], we could obtain
the transversal sol utions of the SBS process.

This equation system can be reduced to the differential equation system of the first order:

oE

S W

or c,

OE. Lo 1

T& =o-SZE 2 E, 2, (51)
r C T

where ¢; and ¢, are the prime integrals of the system (50), which describe the strength of the
nonlinear coupling between the two fidds. The selection of these prime integrals could provide the
general sol utions for the axial-symmetric pump and Stokes waves.

Particularly, taking a weak coupling of the fid ds by the sdection of the first integer numbers
for the primeintegras:

c,=-1 c,=+1, (52
Egs. (51) become:
0E,_ _ 45
or
(53
oE

Trsr = +‘{/§ DE'—T DESr

which have as parameter the Brillouin gain, S, only.
Taking into account the correction of the axid losses, we can find the wave intensities:

2 A
/ILO(t)—“,/SIZIgD‘ @xp{—a%(wtwﬁ} r< f;@ =
ILO(t)_[r -l () /4sng

| L (r,z,t):

(54)
Isr(r,z,t):lSO [exp)

2, J214s

We can remark that the solution (54) is valid for any temporal pump distribution, |, (t) and the

sdected integration constants could describe the non-stationary (small reflectivity) Gaussian case
only.

2
J Eéxp[—a D%D(wt + kz)}.

In order to check the solution (54), we can calculate again the SBS refl ectivity:
R=[0/0)=f@,), (55)
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where /{ s are the energies of the pump (subscript L) and Stokes pulse (subscript S), respectively.
Assuming that thereis nolaser pulse compression, the SBS refl ectivity

Ep

0. 00025 0. 0005 0.00075 0.001 0.00125 0. 0015

Fig. 4. The SBSreflectivity vs. normalized pump energy, in the small signa regime, for the
simple axial-symmetric pump beam from Eq.(54) and Ry = 1.

at small pump intensity, deduced from the solutions (54), is.

Rtrans(DL ) = RO erf l037 DL _lMJ = E RO exp|.0139 DL_UZJ ’

DL1/2 T DL1/2 (56)

when
0370, V<<l (57)

This small signal reflectivity is shown in Fig.4, as a function of the pump energy and is in agreement
with the previous results with Gaussian beams and with the experimental data.

4. Conclusions

Analytical three-dimensional SBS modds were presented and developed. These modes are
important for the SBS geometry optimisation and the study of the transversal effects (including the
phase conjugation fiddity of the Stokes wave).

Analytical solutions were found, which provide important control parameters for the SBS
process and are easier to be used in comparison with the numerical results. The consistency of the
and ytica solutions obtai ned for Gaussi an non-depl eted and depl eted pump waves with those obtained
for more general pump waves and with the numerical results was ensured. The analytical results fit
well the present experimental results.

In order to check the theoreticd modeds, we have aso calculated the SBS reflectivity and
phase conjugation fiddity. In the practical cases, these important parameters can be written as simple
functions of the pump energy. Moreover, we have proved that they can be rdated in a manner, which
iswell supported by the numerical smulation and experimental data.
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