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EFFECT OF THERMAL FLUCTUATIONS ON FERROELECTRIC RESPONSE:
DYNAMIC HYSTERESIS
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Time-dependent Ginsburg-Landau theory is combined with Langevin, Fokker-Planck and
nonstationary Schrédinger equation techniques to model impact of thermal noise in kinetics of
ferroel ectric polarization. A real space/rea time method based on Cayley’s form and Suzuki’s
decomposition is implemented for numerically simuleting both relaxation of polarization in a
stetic potentia and dynamic hysteresis in arbitrary time dependent potential. Results are
addressed to high field response and long time dynamicsin ferrod ectrics.
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1. Introduction

This paper motivated by [1,2,3] presents a systematic analysis of polarization kinetics in
presence of high driving field and reports both the relaxation of polarization and dynamic hysteresis
model ed within the range of driving voltage far above the validity of routine perturbation theory. The
physical model starts with the mean field Ginzburg-Landau energy functional with energy landscape
specified by two wells corresponding to two polarization states and a barrier between them preventing
a transition from one well to other. This linear response limit is violated at high externd fidds at
which the barrier height is substantialy reduced and therma noise controlled transition appears. A
sufficient mathematicd modd is the imaginary time Schrodinger eguation with energy operator
derived from the macroscopic Hamiltonian the wave function being paralded with the probability
density of polarization. This similarity holds also for the macroscopic Hamiltonian explicitly
depending on time [2,3,4]. The paper is organized as follows. In Section 2 we present denominations
for the Ginzburg-Landau theory, Langevin equation, and Fokker — Planck equation. In Sect. 3 we
derive the Cayley's form for time independent Ginzburg-Landau Hamiltonian and proceed to a test
calculaion for polarization relaxation. In Sect. 4 the Cayley's form is extended for the Hamiltonian
explicitly depending on time Didectric response is modeled both for harmonic driving and pulse
shaped driving voltage. The daims, actualized problems and application grade results are emphasized
in Conclus ons.

2. General theory
Throughout this paper we assume the physics captured by Ginzburg-Landau Hamiltonian and

give denominations for Langevin, and Fokker — Planck equations necessary for imaginary time
Schrodinger eguation and Cayley's form technique. Ginzburg—Landau Hamiltonian reads as
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H(P(x).1) =J{—%P2 +§P4 +§(DP)2 —h(t)P}dV )

Here F = —%PZ +§P4 +§(DP)2 —h(t)P is the energy density and Pis the macroscopic

polarization. The amplitude of driving fidd h(t) is chosen beow the static coercive fied resulting in
two wdls of the energy profile. The gradient coefficient cin Eq.1 specifies the energy associated with
spatialy extended distribution of the polarization. The nonequilibrium case is partialy ceptured by
the kinetic (Langevin) equation for the energy functional Eq.1

B(t) =-Vr % () @

Herethe noiseterm/7(t) is assumed to be J correlated, Gaussian, and independent of polarization. Its
detailed dependence on time is replaced by zero mean (77(t)) =0and (n(t)n(t")) = 2k, T ot -t')
correation function in strong sense valid for conservative systems in thermal equilibrium for which
the stati ¢ fluctuation-diss pation theorem (FDT) holds [5,6]. For systems out of equilibrium or under
time-dependent externd forces the FDT violates [7] and coincidence with thed correlated correlation
function becomes formal [8]. Neverthe ess, we follow [2] and consider the deviation from TDT being
negligible in the semiadiabatic limit. The kinetic coefficient I being, in general, a function of the

parameters of theory it is assumed constant at a given temperature. The Fokker-Planck equation for
probability density of polarization yidds

—| —p |+ kT

2
a—p:rva(a': J 9P ©

ot oP\ oP oP?
Introducing dimensionless polarization 5:P£, dimensionless time t =traV, the
sporrtaneouspolarizationls = |2 appliedfieldE‘E and dimensionl&sfrequencyQ—L
*\B aP,’ rav

the problem transforms in canonical form

dp 0 ([= =3 = . (~= keT 9°p
—==-—=||IP-P° +hsin(Qt ))o|+ = 4
0 oP (( ( ))p) a’PXV opP? @
k. T
with diffusion coefficient © = 2;2\/ . The separation of a sdected volume in infinite medium is
a S

the consequence of Fokker-Planck approach derived originally for Brownian particles. Actualy, the
choice of a volume is arbitrary. It's enlarging reduces the diffusion coefficient © and enlarges the
Kramer time t, of barrier crossing whereas in physical units the Kramer time t = t,, /(T aV) remains

unchanged. The mark (~) is omitted and V = 1in further calculations. Another festure not accounted

for in the monodomainl limit is that the diffusion hops between metastable states modeled by the
kinetic coefficient I are accompanied with changes in the domain structure. A compromise is in
cons dering the diffusion coefficient as a parameter of theory. Its temperature dependence is given by

factor a®/ 3in the denominator. This approach is valid within the driving field a which the double
wel condition h<hy,h, = 2/+/27 = 0.4holds corresponding to a Enex = oaP, driving fidd in
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physical units. Assuming a ferroe ectric medium with £ =1000 and P, = O.4(C / mz), and a rough

estimate o = (g,€)™ ~10°(m/ F)yields the upper limit of driving fidd E,,, ~10"(V /m) being
far above the validity of the perturbation theory.

3. Thermal noise controlled relaxation

Relaxation of the totd polarization from the ordered P = P, state to the equilibrium state
with <P>:O under thermal noise is given by time dependent probability distribution

P(P,t) reaching the Gibbs-Boltzmann distribution a t — o . For arbitrary time this probability
distribution is given by the (forward) Fokker-Planck equation

o _a(au 0% p(P.1)
pP= 5[ S p(P |+ 0200 ®

transformed in  imaginary time  Schrodinger  equation by  standard  ansatz
P(P,t) = exp[-U (P)/ 20]G(P,t)

aG(P.t) _[ ., 0> _
eT_[e 57 V(P)}G(P,t) (©)

withV (P) = %[U'(P)]z —%U”(P) and the & genmode equation [1]

2 (12 n F)
-0* S8 sy, ()= A, (P 0

Equilibrium solution is given by zero order eigenfunction [4]
-1/2
Yo (P,t) = (Jexp[—U (P)@]dP) exp[-U (x)0/ 2] 8

its eigenvalue A,being zero. The conditiona probability of polarization initialy prepared in the
metastabl e state P, is given by e genfunction expansion

p(P.R) = expllU (R) ~U(P))O/ 23 W, (R) W, (P) expl- OtA,] )

n=0

Preiminary results of slow relaxation associated with therma noise controlled barrier
crossing accounting for zeroW and first order W, egenfunctions [9] and based on andyticaly

derived eigenfunctions [1,2,4] for Hamiltonian Eq.1 shows that solution of imaginary time
Schrédinger equation Eq.6 is the key problem for simulating physically meaningful systems. As
complementary to [1,2] we adopt the Cayley's form technique [10] derived recently for quantum
problems and having a potential to manage long-time behavior of multidimensional systems. With
application to the energy operator derived from Ginzburg-Landau Hamiltonian Eq.1 the Cayley's
formis given by an exponential operator
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9° V(P)At
a 2
The potential operator is decomposed from the potenti aI operator [11]

G(t +t +At) = exp[OAt — - 2G(1) (10)

62

9% V (P)At
ot? ] eXp[

20

V(P)At

G(t+t+At) =exp| -
( ) p[ %0

}exp[@At }G(t) (11)

and the exponential of Lgplacian is approximated by Cayley's form

02 OAt 02 OAt 92
OAt =|1+ 1-—_—_ 12
expl ]( 26M 2ax2J (12)

Substituting Eq.12 for Eq.11 and precedl ng Suzuki decomposition [16] yidds

2
}G(P+t+At) [1+% 0
2 opP?

2
[1_% 0
2

}G(P ) (13)

The wavefunction G(P,t)is discretized by grid points P =iAP, i =0,...,N —1 where AP
is the increment of grid points. As a result Eq. 13 becomes a recurrence rdaionship for matrix
equation for the unknown vector G, (t + At) . The survey starts with initial conditions (in this example
found after EQ.9), calculates the distribution density of polarization Fig.1 and the polarization given
by its first moment (demonstrated in Fig.2). Features of the system are implemented in two matrices:

2 2 V(P)A
|eft-hand 1——@At 9 > | and right hand 1+—@At 9 5 —( At
2 0P 2 0P 20

changing the wavefunction G(P, t) at each grid point. The method is found rather stable in spite of

consderable At/AP? >1 ratio. Fig.1 shows example distribution of density of polarization. The
initial polarization is assumed positive, maximal a a given bias voltage, and the corresponding
distribution of density of polarization is monomodal. At the moment the bias voltage is removed
relaxation starts and the distribution of density of polarization transforms to the nonsymmetrical
bimoda (bold). The corresponding polarization determined by the first moment of distribution
function is still positive but reduced. The opposite excess of distribution of density of polarization
gradually grows (media plot) and approaches to a symmetric one (thin) as the time goes.

}, and two vectors exp{—
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Fig. 1. Modd distribution density of polarization illustrating therma noise controlled

rdaxation. Theinitia state P > 0 is specified by unimoda distribution developing toward

the bimoda one (bold) ,(medid), (thin) approaching to the symmetric at thermal equilibrium.

Diffusion constant @ =1/20, grid points N =50, gridincrement AP =2/25, time
increment At =1/100.
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Relaxation patterns evaluated in the Cayley's form technique and in the semiadiabatic
technique[1] are shownin Fig. 2.
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Fig. 2. Comparison of therma noise controlled rdaxation patterns evaluated within
semiadiabatic (bold) and Cayley’s form (dots) technique. In both cases the relaxation is

gating from P, >0, diffusion constant © =1/20. In Cayley’sformthe grid points
N =50, gridincrement AP = 2/ 25, and timeincrement At =1/100.

The fit of rdlaxation patterns in Fig. 2 evaluated in the Cayley’s form technique and in the
semiadiabatic technique [1] is rather good. This technique that concerns the time independent energy
functional comprises the transformation to i maginary time Schrédinger’s equation and solution of the
e genfunction problem by approximate anal ytical methods.

4. Dielectric response at time dependent driving field:
dynamic hysteresis

The didectric response at time dependent driving fidd is a key problem of the
thermodynamic theory and self-consistent solutions for inhomogeneous polarization field ind uding
the growth and coarsening of domains are attempted in [12-15]. Neverthdess, at high driving field the
barrier height between attractors is reduced and the contribution of therma noise in long time
dynamics becomes essential. Application of the semiadiabatic theory [2] modeing 1D didectric
response at time periodic driving fidd is given in [9]. This section is focused on extension of the
Cayley's form technigue demonstrated in Sect. 3 to time-dependent external fidd. Unlike Eq. 7 the
andyticdly solution is given by Dyson's time ordering operator [3] and the second-order
decomposition is given by re ationship quite similar to this of Eq.11 except that the potential V (P) in

Eg.10 istaken at the specified time t + At/ 2, namely, Eq. 11 isreplaced by

— ol ~v[ P+ )AL O ol —v[ P BE) A
G(t+t+At)—exp{ V(P,t+ 2jze}exp[@m atz]exp[ V(P,t+ 2)2@}60) (14)

Similarly to the static case the features of system are implemented in two matrices: |eft-hand
2 2
1—% g > | and right hand 1+% 9 > |, and two vectors exp —V P,t+§ At
2 oP 2 0P 2 )20
comprising the time dependence of potential and changing the wavefunctionG(P,t) at each grid
point. Comparison of semiadiabatic (bold) and Cayley’s form (dots) is shownin Fig. 3.
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Fig.3 Comparision of dynamic hysteresis patterns modeled in semiadiabatic (bold) and
Cayley's form (dots) techniques for applied voltage A=3/4A,coQt], frequency

Q-1073, diffusion constant © =1/30. In Cayley's form the grid points
N =50, gridincrement AP = 2/25, and time increment At =1/100.

A possible origin of minor discrepancies between the hysteresis patterns Fig.3 evaluated in
the Cayley's form technique and the semiadigbatic technique [2] is the different rank of
approximation if compared to [1]. The technique [2] concerning time dependent energy functiona
comprises expansion of probability density of polarization in terms of Floquet functions and
subsequent expansion of the Floquet functions in terms of instantaneous e genfunctions of Fokker-
Planck operators.

5. Conclusions

We have been concerned on a long-standing objective of thermodynamic theory —the impact
of thermal noise in the relaxation and driven dynamics of € ectric pol arization and gave a comparison
of results for relaxation and hysteresis obtained anayticaly with those calculated by one of most
promising numerical method for simulating quantum problems. For rdaxation patterns (Fig.2) the
coincidence is rather good, neverthel ess there are minor discrepancies in hysteresis patterns (Fig.3). A
possible origin is that neither of these agpproaches is satisfactory and its leve of approximation is
different. What we claim is application of the Cayley's form [10] and Suzuki decomposition [16] to
imaginary time Schrodinger equation for the potentia derived from Ginsburg-Landau energy
functional. What we actualize in this work is the devel opment of this technique with application to the
Schrodinger equations with multidimensiond imaginary time for Fourier amplitudes of polarization.
The application grade resulting from this work are addressed to high fidd response and long time
dynamics in ferrod ectrics under arbitrary driving voltage

Acknowledgements

This work has been supported by the Contract No ICA1-CT-2000-70007 of European
Excellence Center of Advanced Material Research and Technology (Riga).



Effect of thermd fluctuations on ferroel ectric response dynamic hysteresis 753

References

[1] B. Cardli, C. Carali, B. Roulet, Journal of Statistical Physics, 21(4), 415 (1979).
[2] P. Talkner, New Journal of Physics 1 4.1 —4.25 (1999).
[3] N. Watanabe, M. Tsukada, Phys. Rev. E. 62, 2914 (2000).
[4] A. Bunde, J. -F. Gouyet, Z. Phys. B — Condensed Matter 42. 169 (1981).
[5] H. Y. Wang, Yunzhi Wang, T. Tsdakos, S. Semenovskaya, A. G. Kachaturyan, Philosophical
Magazine A, 74(6), 1407 (1996).
[6] Hong-Liang Hu, Long-Quing Chen, Materials Science and Engineering A238, 182 (1997).
[7] L. F. Cugliandolo, Dynamics of glassy systems, arXiv: cond-mat/0210312v2 11 Dec 2002.
[8] Uli Dekker, Fritz Haake, Fluctuation-dissipation theorems for classical processes, Phys. Rev A,
11(6), 2043 (1975).
[9] E. Klotins, Ferrodectrics (in press)
[10] W. H. Press, S. A. Teukalsky, W. T. Vetterling, B. P. Flannery: Numerical Receipesin C,
Cambridge University Press, Chapter 19, (1996).
[11] N. Watanabe, M. Tsukada, Journd of Physica Society of Japan 69(9), 2962 (2000).
[12] R. Ahuwalia, W. Cao, Phys. Rev. B 63, 012103 (2000).
[13] J-M. Liu, Q. C. Li, W. M. Wang, X. Y Chen, G H. Cao, X. H. Liu, Z. G. Liu, J. Phys.: Condens.
Matter 13(6) L153-L1261 (12 February 2001).
[14] J. KaupuZs, phys. stat. sol. (b) 183, 581 (1994).
[15] J-M. Liu, Q. C. Li, W. M. Wang, X. Y. Chen, G. H. Cao, X. H. Liu, Z. G. Liu, J. Phys.: Condens.
Matter 13(6), L153-161 (2001).
[16] M. Suzuki, Physics Letters A 201, 425 (1995).



