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RADIATION POWER SPECTRAL DISTRIBUTION OF CHARGED
PARTICLES MOVING IN A SPIRAL IN MAGNETIC FIELDS
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The expressions for the momentary and average radiation powers of the charged particles
moving on an arbitrary determined trgectory in transparent isotropic media and in vacuum are
studied by using the Lorentz's sdlf-interaction method. Special attention is given to the
research of the fine structure of the synchrotron radiation spectral distribution of two electrons
moving in a spiral in vacuum. The spectra of synchrotron, Cherenkov and synchrotron-
Cherenkov radiations for a separate € ectron are analyzed.
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1. Introduction

The investigation of the radiation spectra of charged particles moving in magnetic fields
in transparent isotropic medium and in vacuum is important from the point of view of the
applications in el ectronics, astrophysics, plasma physics, physics of storagerings etc. [1-3].

Under moving charged partides in magnetic fidd three kinds of radiation are possible in a
medium [4-6]: synchrotron, Cherenkov, and synchrotron-Cherenkov ones whereas in vacuum only
synchrotron radiation takes place.

A question requiring further investigations is the coherence of synchrotron radiation [1-3]. A
laser radiation is emitted when an € ectron beam moves through a spiral undulator [7]. The properties
of free-electron lasers were considered in papers [8-10]. The investigations of the fine structure of
synchrotron, Cherenkov, and synchrotron-Cherenkov radiation spectra in vacuum and in transparent
media for the low-frequency spectral range is of great interest [11]. The fine structure of the
Cherenkov radiation spectrum in non-transparent media was investigated in papers [ 12-13].

The aim of this paper is to investigate the spectral distribution of the radiation power for
the charged particles moving along an arbitrary defined trajectory using the Lorentz's self-
interaction method. Using the exact integra rdationships for the spectral distribution of
radiation power of two electrons moving one after another along a spiral in vacuum, the fine
structure of the synchrotron radiation spectrum was investigated by means of analytical and
numerical methods. The influence of the Doppler effect on the peculiarities of the radiation
spectrum of a separate electron during its motion in a spiral in transparent media and in vacuum
is also investigated.

2. Instantaneous and time-averaged radiation power of charged
particles

The instantaneous radiation power of charged particles P (t) in an isotropic transparent
medium and in vacuum is expressed in [14,15] as
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Here j(rt) is the current density and p(F t) is the charge density. The integration is over
some volumeT . According to the hypothesis of Dirac [14-18], the scalar ¢D"(F ,t) and vector
AP (7 t) potentials are defined as a half-difference of the retarded and advanced potentials:
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After substituting (2) into (1) we obtain the relationship for instantaneous radiation power of
charged particles moving in isotropic transparent media as a function of spectral distribution
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where u(oo) is the magnetic permeability, n(oo) is the refraction index, «is the angular frequency,

and c isthe speed of light in vacuum.
Thetime-averaged radiation power of charged particles is defined by the expression

.
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The values of P can be obtained after substitution of the instantaneous radiation power
expressed by rdationships (3) and (4) into (5).

3. Systems of non-interacting point charged particles

Let us consider a system of point-like non-interacting partid es with charges o, q5,..., gy ad
rest masses my;, Mgy, ..., Moy Moving along arbitrary trgectories. Then the source functions of N
charged point-like partid es are defined as [5,15]

sV ), o )=3p 1), pi(F O=q 87 (), ©)

=1 =1
where fj (t) and Vj (t) arethe motion law and the velodity of the I particle, respectively.
By substituting relationships (6) into (3) and (4) we obtain the expresson for the
instantaneous radiation power of charged particles system in transparent media (magnetic
permesbilities, u(w), and dielectric permittivities £(c), arereal):
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Thetime-averaged radiation power can be obtained from the expression
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Let us consider a system of point-like non-interacting charged partides (q =nye,

mg =Ny my) moving one by one aong an arbitrary defined trajectory. Then the motion law and the
(th

coscd -v){v*. oV, (v)-i}. ®
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velocity of the | particle of this system are determined by the relationships

i (t)=rplt+ 1), Vi t)=Vlt+at). ©

Relationships (9) were obtained taking into account that the magnitudes my =nm, and
g, =neare linearly induded into the movement equation of a charged partide in e ectromagnetic
fidd. In this case we obtain the averaged radiation power after substitution the expressions (9) into

(8):
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where the coherence factor Sy (w) is defined as
Sy (w) = E nn; cos{w(At| —Atj)}. (12)

lj=1

Relationships (10) and (11) obtained here may be aso applied to low-length bunchs of
charged particles.
For N dectrons (g =€, mg = mg) the coherence factor takes the form [6,11]:

N
su(@= 3 cosfeday -at; ). (12)
lj=1
The coherence factor Sy (w) determines a redistribution of the charged particles radiation
power between harmonics.

4. Fine structure of the radiation spectra of two electrons moving along
a spiral in vacuum

Peculiarities of the radiation spectra of two e ectrons moving one by onein aspiral invacuum
can be investigated combining anal ytical and numerical methods. The law of motion and the velocity
of the e ectron are given by the expressions:
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Here ry=Vpowpl, wo=ceH™E™, E=cyp?+mic?, the magnetic intensity vector
H &0z, Vgand V| are the components of the velocity, p and E are the momentum and energy of

the electron, eand my areits charge and rest mass.

After substitution of the expressions (13) into (10) one obtaines the time-averaged radiation
power of two e ectrons

prad - oj(')W (c0)d: (14
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The coherence factor S, (w) of two dectronsis defined as

S, (w) =2+ 2cos(wAt). (16)

Here At = At, - Aty isthetime shift of the e ectrons moving aong aspiral.
At the frequendies w=2imt/(At) (i=0, 1, 2,...) the coherence factor of two electrons (16) is
equal to 4 and at the frequencies w=(2i +1)m/(At) (i=0, 1, 2,...) the coherence factor is equal to zero.

The ana ogous expression for the coherence factor was investigated by Bolotovskii [19].
From the relationships (14) and (15), after some transformations, the contributions of separate
harmonics to the averaged radiation power can be written as

ojodum2 ?si n6de2[1 + cos{wiat)}] x
0 0
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where q="0_“ gne, Jm(g)and Ji,(q) are the Bessd function with integer index and its

C o
derivative, respectively.
Each harmonic is a set of the frequencies, which are the sol ution of the equation

u{l— lV" cos Bj -mwg =0. (18)
c

The limits of the m™ harmonic are determined by the frequencies
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and the total radi ation power emitted by a separate e ectron is determined according to [20] as
2,2
ptot _ 2 e® WV
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c

(20)
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Our numerical calculations of the radiation power spectral distribution were performed at
H® =10e

For the velodties components vV =0.2x10* cm/s and V.= 0.2x10™cm/s the radiation
power spectral distributions of two dectrons in vacuum depending on their location along a spira are
shown in Figs. 1-3 (curves 1-6).

It is interesting to compare the radiation power spectral distribution for two e ectrons with the
radiation power spectra distribution of a separate eectron (curve 0in Fig. 1). Theradiation power of
the separate dectron in vacuum P2 =0.1283x10 " erg/s calculated according to reationship (20) is
in good agreement to the power P =0.1294x10"°erg/s determined after integration of re ationships
(14) and (15). For a separate dectron the coherence factor S =1. For the time difference
At; =0.01rt/ wg; (curve 1 in Fig. 1) the wavelength corresponding to the basic frequency
A1 =21/ Wy =14435cm is higher by a factor of around 300 than the distance between the
eectrons. In this case the coherence factor S, (oo) =4 and two dectrons radiate as a charged partide

with the charge 2e and the rest mass 2my, i.e. by afactor of four more than a separate e ectron.

W(0)(ty, 10" erg/s

3 4 5 6

(dwoj
Fig. 1. Spectral distribution of radiation power for two electrons moving one by one in a
spiral. (vmvaC=0.2x101°cm/s Ve =0.2x10" cMVs, curves 0-6). Curve 0 — the radiation
spectrum of a separate electron, P =0.1283x10 Y egs P™ =0.1294x10%erg/s.
Curve 1 At =00Wt/wg;, PM =0517x10"°ergls. Curve 2: Aty =0.171/ wp,

|

0

vac0 vacO
vacl

PM =04544x107"° erg/s.  Curve3: Atz =21/ wg3, Py, =0.2741x107°  egls,

vac2 vac3

(‘OOO = (‘001 = (‘002 = (D03 = 01305x108 rad/s, foo =Tlo1 =To2 =ro3 =153.3cm.
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In the case Atg =21/ wy3 the function of the radiation power spectra distribution has the
maxima appoximately at the frequencies wgz, 20y3 and 3wgzwhereas the radiation at 1.5wgz and
2.5z isabsent.

| W)@, 10 erg/s

5 6
(dwoj

~

Fig. 2. Spectral distribution of radiation power for two electrons moving one by one in a
spiral. Curve 4: Aty =41/ 0oy, Pin, =0.2595x107° erg’s, wy, =0.1305x10° rad/s,

vac4

ros =153.3cm.

For the time difference Aty =411/ wgq (curve 4 in Fig. 2) we have found the maxima of the
spectral distribution function appoximately at the frequencieswg, , 1.5Wq4, 204, 2.5004 and 3wpy
at the frequencies 0.75wq,4 , 1.25wW04 , 1.75Wq4 , 2.25w04 , Whileat 2.75wq, the radiation is absent.

For the time differences Atg =11/ wys (curve5in Fig. 3) and Atg =31/ wpg (curve 6in Fig. 3)
theradiation at the basic frequencies wyy = Wpgis absent.

6-
W(0) ,(10 erg/s

Fig. 3. Spectra distribution of radiation power for two electrons moving one by one in a
spird. Curve 5. Atg =TT/ wgs, P™ =0.2081x107% erg/s. Curve 6: Atg =31/ wyg,

vacs

P =0.2561x 107 erg/s.

vacé

At the basic frequency wyp; the function of the radiation power spectrd distribution of two
electrons is equal to zero if the time difference between them in a spirdl is equal to (2i + 1)1/ wp
(i=0, 1, 2,...).
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5. Spectral distribution of synchrotron-Cherenkov radiation power in
low-frequency range

Let us consider the influence of the Doppler effect on synchrotron-Cherenkov radiation in
transparent media. The expressions for the synchrotron-Cherenkov radiation power in such a medium
can be obtained starting from (10). Then for the separate e ectron moving in a spira we have found
[6,11]

prad - ofw(w)dw, (1)
0
2 sin n(w)wn(x) 2
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In the case of transparent media in low-frequency spectral range, i.e. a €=const and p =1,

the power of the Cherenkov radiation at rectilinear motion in a medium (n is the constant) is
determined as [11]:

tor _ € 2 c?

piot =& vl 1-—2 | 23
e 2c? e v?2n?

For the refraction index n=2 at the velodties V= 0.15x10% cns, v

m = 0.1493x10™ CTVS,
and V,, =0.12x10° cmis, V,, = 0.1496x10" cm/s (curves 7 and 8 in Fig. 4) the conditions for the

existence of the synchrotron-Cherenkov radiation are fulfilled.

800 W(w), 10 erg/s

500
400
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200+ 8

100

0 500 1000 15'00 20'00 25'00
ww

0

Fig. 4. Spectral distribution of synchrotron-Cherenkov radiation power with relaive frequency.
(For the curves 7-12: B = 1Gs n=2, Wy = Weg = Wog = Weye = Wy =Wy, = 0.1523x10° rad/s,
c=0.2997925 x10*cm/s).  Curve 7. v, =015x10°CNVS, v, =0.14933310 CNVS,
PRI = 04688101 erg/s, roy =985 CM. Curve 8: Vi, =0.12[10'0 cns, v, = 0.149603510- NS,
fog = 78.8Cm, P =0.469x10 " erg/s. Curve 9. V,,, =0.1x108CNVs,
Vi, =0.1500839x 10" cnVs, P =0.699x10™ &rg/s, pi% = 0.6979x10™&'Y/S, g = 0.66cm.
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Fig. 5. Spectrd distribution of synchrotron-Cherenkov radiation power with relative
frequency. Curve 10 v, =055x10°CVS, vV =0.1499832x10™CMVs, rqq = 36.1cm,

[Im

P, =0.6866x10™erg/s. Curve 111V, =05x10°cm/s, Vv, =0.1500007x10"cns,

lIm
roip =32.8 cm, PM =0.6964x107" erg/s.  Curve 120 V_ =0.4x10° cms,
Vj,n = 0.150031x10™CNVS, rgp =26.3¢cm, P, = 0.6920x 10 erg's.

The power of the Cherenkov radiation at rectilinear motionPi% = 0.6979x10 " erg/s (relation

(23)) is in good agreement to the power of the synchrotron-Cherenkov radiation
P =0.699x10 erg/s caculated by gpplying the relationships (21) and (22) at the motion of the

charged particle having a smal (v, =0.1x10%cn/s) transverse velocity component (the absolute

values of the velocities are the same).
The performed high-accuracy calculations of relationships (21) and (22) for the spectrd
distribution of the synchrotron-Cherenkov radiation power of éectrons showed that the spectra

distribution at V}| < ¢/n (curves 7 and 8 in Fig. 4) essentially differs fromthat at V) >c/n (curves

10-12 inFig. 5). The and ytical and numerical cal culations showed that the influence of the Doppler
effect on the peculiarities of the radiation power spectra distribution of the electrons is essentially
near the Cherenkov threshold.

Taking into account the frequency dispersion, this does not change essentialy the radiation
power spectral distribution in low-frequency range but leads to some interesting peculiarities in high-
frequency spectral range [12,13].

6. Conclusions

The coherence factor leads to essentid changes in the radiation power spectral distribution of
asystem of charged particles.

In the radiation spectrum of charged particles the Doppler effect establishes the limits between
the bands of separate harmonics.

The obtained spectra distributions of the power of synchrotron, Cherenkov, and synchrotron-
Cherenkov radiations of the dectrons in low-frequency spectral range can be gpplied to develop new
sources of dectromagnetic energy and for interpretation of some phenomena in eéectronics, in
astrophysics and plasma physics.
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