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We report a theoretical analysis of some statistical parameters which characterize the single 
and double pass Er3+-doped Ti:LiNbO3M -mode straight waveguides. For the derivation and 
the evaluation of the Fano factor, the statistical fluctuation and the spontaneous emission 
factor we used a quasi-two-level model in the small gain approximation and the unsaturated 
regime. The simulations show the evolution of these parameters under various pump regimes 
and waveguide lengths. The obtained results can be used for the design of complex rare earth 
doped integrated circuits. 
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1. Introduction 
 

The theoretical and experimental studies of the gain spectral distribution, noise spectral 
distribution and the output statistics in a system where coherent and chaotic (thermal) fields are 
superimposed play an important role in the fabrication of integrated amplifiers with low noise and 
high optical gain [1-5]. In the last decade several papers presenting the behaviour of Er3+-doped 
Ti:LiNbO3 optical waveguides have been published in the last years [4-10]. 
 Based on the models presented in [2,5,9] and [10] in this paper, we evaluate the output 
statistics of M  mode straight Er3+-doped Ti:LiNbO3 amplifiers, like: the Fano factor, the statistical 
fluctuation and the spontaneous emission factor. This analysis is determined by the fact that often in 
the waveguides is excited not only the fundamental mode but also other high order (M ) modes, 
which influence not only the output gain, noise figure, signal-to-noise ratio but also the statistical 
properties of the waveguide. 

The simulations of the output statistics of the amplifier are performed under the small gain 
approximation for z propagating crystals, pumped near 1484 nm, for various pumping regimes, and 
waveguide lengths. The results thereby computed are compared to those calculated for single mode 
straight waveguides. 
 The paper is organized as follows. Section 2 is devoted to the basic equations used to evaluate 
the Fano factor, the statistical fluctuation and the spontaneous emission factor which characterize the 
output statistics of the M -mode waveguides. In Section 3 the discussion of the computed results is 
presented, while the conclusion of this work is outlined in Section 4. 
 
 

2. Basic equations 
 

In order to evaluate the output statistics in straight M -mode Er3+-doped Ti:LiNbO3 
waveguide amplifiers we use a quasi-two-level model under the small gain approximation in the 
wavelength range 1.44 µm < λ <1.64 µm [2,5,9,10]. 
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In our model we considered that the waveguide is pumped by a radiation having a Gaussian 
distribution of the field using an optical fiber. For the determination of the optical field distribution in 
the waveguide we calculated first the refractive index profiles using the Fick’s diffusion law [11,13]. 
After that, the optical mode fields were calculated numerically for both TE and TM polarisation using 
the effective index method presented in papers [13,14]. 

For the single and the double pass configuration of the optical waveguide ampli fier having the 
length L  the corresponding equations for the Fano factor and the statistical fluctuation are [1,10]: 
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while the expression of the spontaneous emission factor for single pass configuration is given by: 
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 In Eqs. (1)-(5) 
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represents the gain function at the z  section, 
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21, NN  are the populations of the ground and the excited levels, ( ) ( )νσνσ ea ,  are the absorption and 

emission cross sections, respectively and ( )zn  is the photon mean value. In the above mentioned 

equations the polarization subscript m has been omitted for simplicity [5,10]. 

Taking into account the relations between the forward ( ) ( ) ( )zGPzP 0++ =  and backward 

( ) ( ) ( )zGzPP −− =0  powers we calculated the gain ( )ν,zG  for the single pass (mirror reflectivities in 
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Lz = , ( ) ( ) 0== LRLR SP ) and the double pass ( ( ) ( ) RLRLR SP == ) configuration of the linear 
optical amplifier. 

The expressions for the output signal gain are: 
 

   ( ) ( ) ( )0/, SS PLPLG +=ν ,                   (8) 
 

for the single pass and 
 

   ( ) ( ) ( ) ( )LRLGPP SS ν=− ,0/0 2 ,           (9) 
 

for the double pass configurations. 
 In the derivation of Eqs. (1)-(5) we considered that the normalized mode intensity profile 
( )yxi ,  in the M  mode straight Er3+-doped Ti:LiNbO3 waveguide amplifiers is not uniform over its 

transversal section [10] and also that the input signals are characterized by Poissons statistics 

(coherent light) ( ) ( ) ( )0e
!

0
0 n

n

n n

n
P −=  for which is well known that ( ) ( )002 n=σ . In linear regime, 

stimulated emission by itself determines changes in the light statistics, in addition to those introduced 
by spontaneous emission which are characterized by Bose-Einstein statistics. In Eqs. (2)-(3) the factor 
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well known that for Poisson statistics the Fano factor is 1=f  and ( ) 2/1−= ne  ( ) 2/1−= ne , while for 

Bose Einstein statistics 1+= nf , and ( ) 2/1
/11

−+= ne  [1], [5]. 

 
 

3. Simulation results and discussion 
 
 Solving the system of coupled first order differential equations for the populations and the 
optical powers, (pump, signal and amplified spontaneous emission, ASE) by numerical methods 
(Runge-Kutta formula-4 th order, 4 stages) with an iterative procedure we obtained the gain for single 
and double pass configuration and the Fano factor, the statistical fluctuation and the spontaneous 
emission factor (Eqs. (1)-(5)) [5], [10]. In our simulations, the spontaneous emission spectrum is 
divided into 100 slots which corresponds to a wavelength resolution λ∆ =2 nm in the region            
1450-1650 nm. 
 In our model the lowest four order mode intensity profiles, ( )yxi ,  for both TE and TM 
polarisations are calculated numerically with the method described in paper [10], while the dopant 
distribution ( )yxd ,  (with a surface concentration of about 326101 −× m  a diffusion depth of 20 µ m 
and of 5.12 µ m in width (defined at 1/e) is approximated by an erfc but also by Gaussian or constant 
functions in depth (labelled 1, 2 and 3, respectively), and a Gaussian function in width. These 
different Er concentration profiles correspond to various diffusion conditions (non complete or 
complete diffusion, or doping during the crystal growth). 
 The computer simulations for the evaluation of the statistical properties of Er3+-doped LiNbO3 
waveguide amplifiers have been performed using the parameters found in the literature [9,10]. We 
assumed a 1484 nm pump and a signal at λ =1531 nm, having 1 µ W input power. In computing the 
profile of the optical modes we used the following parameters characteristic of Ti waveguides: 7 � m 
for waveguide width, 0.1 � m for Ti thickness, 10 hours for diffusion time. 

In our simulations we used for TE and TM pump (p) and signal (s) absorption (a) and 
emission (e) cross sections the values presented in papers [9] and [10]. The waveguide length is 
assumed to be L = 5.4 cm. when not specified; the pump and signal input reflectivity always ( ) 00 =R  

while the output is ( ) 0=LR  or ( ) 98.0=LR  for the single and double pass configuration, respectively. 
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Scattering losses α =3.7 1dBm−  for TE, α =4.8 1dBm−  for TM and spontaneous emission li fetime 
τ=2.6 ms have been assumed. We limit our presentation to the TE pump and signal polarization; 
similar results can be obtained for the other cases. 

The peak values of the small signal gain ( ) ( )
( )�
�
�

�

�
�
�

�
=

0
ln

signal

signal

P

zP
zG  for the double pass 

configuration, ( )ν,0G  for the input pump power of 100 mW (high pump regime) at λ =1531 nm for 
the erfc (2.55 dB), Gaussian (5.57 dB) and constant (8.30 dB) dopant profi les in the case of M -mode 
operation are smaller than in the single one, of about 14.5 dB for Gaussian profi le in depth [5,10]. 

The peak values of the noise figure for the erfc (5.58 dB), Gaussian (6.13 dB) and constant 
(6.24) dopant profiles in the case of M -mode operation are greater than those corresponding to the 
single one of about 5.3 dB for Gaussian profile in depth [5,10]. 

Fig. 1 shows the wavelength dependence of the Fano factor ( )λ,0f  for the double pass 

configuration (Eq. (3)) for input pump power ( )0P =100 mW. As can be seen the behaviour of the 

Fano factor is determined also in this case by the absorption and emission cross sections of Er 3+ -
doped LiNbO3 [5,9,10]. The values of the Fano factor for Gaussian (97.45) and constant (167.55) 
dopant profi les in the case of M -mode operation are greater than those corresponding to the single 
mode operation which is about 90 for Gaussian profile in depth, but that for erfc profi le (32.51) is 
smaller, respectively [5,10]. 
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Fig. 1. Spectral behaviour of the Fano factor in the double pass configuration for input pump 
power: P(0)=100 mW in the case of erfc (curve 1), Gaussian  (curve 1) and constant  (curve 3)  
            dopant profi les in depth, TE polarization and L=5.4 cm for the waveguide length. 
 
 
The spectral behaviour of the statistical fluctuation in double pass configuration (Eq. (4)) is 

presented in Fig. 2 while Fig. 3 shows the spontaneous emission factor spectra in single pass 
configuration (Eq. (5)). The values of the last two parameters are greater in the M -mode operation 
than in the single one [5,10]. For a high input pump power the spontaneous emission factor is less 
than 2 over most of the 60-nm spectral range considered in the figure, (i. e. for Gaussian profile of the 
dopant in the spectral ranges 1.45 µ m÷ 1.48 µ m and 1.62 µ m÷ 1.65 µ m, which correspond to the 
amplification of an equivalent input noise of one photon per unit frequency. 
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Fig. 2. The spectral dependence of the statistical fluctuation, as in Fig. 1. 
 

 
The M -mode operation in comparison with the single one determines the diminution of the 

gain and the enhancement of the noise figure because the overlap integral between the population of 
the excited level and the normalized intensity field profile is smaller in the case of M -mode operation 
than in the case of the single one, (i. e. 1.21 times in the case of Gaussian profile of the dopant for a 
waveguide having 5.4 cm length and for an input pump power of 100 mW). Also, the M -mode 
operation affects the output statistics diminishing the coherent properties of the light. 
 

Fig. 3. The spontaneous emission factor spectra in single pass configuration for the input 
pump power of 100 mW in the case of erfc (curve 1), Gaussian (curve 1) and constant          
(curve 3) dopant profiles  in  depth,  TE  polarization and L = 5.4 cm for the waveguide length. 

 
 

In Figs. 4 a), b), 5 a), b) the dependences of the Fano factor (a) and the statistical fluctuation 
(b) in double pass configuration, TE polarization for a signal at λ =1531 nm versus the waveguide 
length, for input pump power ( )0P =100 mW in the case of erfc (curve 1), Gaussian (curve 1) and 
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constant (curve 3) dopant profiles in depth, (Fig. 4) and versus the pump power, respectively for an 
amplifier length L =5.4 cm, (Fig. 5) are presented. 

 
 

 
 

a) b) 
 

Fig. 4 a), b). The Fano factor, a) and the statistical fluctuation, b) vs the waveguide length. 
 
 

The Fano factor increases both the increasing of the waveguide length and the pump power 
(Figs. 4, 5 a)) while the statistical fluctuation increases with the waveguide length and decreases when 
the pump power is augmented (Figs. 4, 5 b)). 

Therefore, it seems that the amplifier length is responsible for the reduction of the Poissonian 
aspect of the amplified light. This is not the case for shorter waveguide lengths but higher pumping 
levels, for which the statistical properties of the light are roughly maintained. A consequence concerns 
the design of complex structures, when the coherence of the ampli fied light must be conserved. If the 
miniaturization of the integrated devices have to be considered, it is preferable to choose short lengths 
and high level pumpings, rather than long arms and low pumping regimes. 
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Fig. 5 a). The Fano factor, a) and the statistical fluctuation, b) vs the pump power. 
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4. Conclusions 
 

In the small gain approximation an original analysis of the output noise statistical properties 
of a M -mode Er3+-doped LiNbO3 straight waveguide amplifier has been presented. The simulations 
concern the Fano factor, the statistical fluctuation and spontaneous emission factor. The study 
demonstrates that in calculating the Fano factor in the single and double pass configurations of the 
amplifier the Poissonian photon statistics are maintained for pump powers lower than 100 mW and 
waveguide lengths smaller than 5 cm. These parameters are of importance when the coherence of the 
amplified light is an issue for the doped structure under investigation. For example, we have shown 
that the coherence of the output amplified signal is more sensitive to the waveguide length than to the 
pumping power. The theoretical results of this simulation characterize the Er3+-doped 
LiNbO3waveguide ampli fier from the point of view of noise statistical properties and can be used in 
the better understanding of the ampli fication process. 
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