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On the basis of the free energy expansion, the low-symmetry orbital phases originating from 

the high-temperature crystal phase with the ( )16
2hDPnma  symmetry in Pr1-xCaxMnO3 

( 5.03.0 ≤≤ x ) manganite are investigated. The free order parameter susceptibili ties and 
elastically clamped ones in these phases are calculated. 
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 1. Introduction 
 
 In references [1, 2] on the basis of symmetry analysis the phenomenological theory of the 
orbital phase transition (PT) proceeding from the high-temperature phase with ( )16

2hDPnma , the 
symmetry in Pr1-xCaxMnO3 ( )5.03.0 ≤≤ x  manganite is developed. It is shown that the two states 
reported in [3] and [4,5] correspond to the two types of orbital ordering of a single orbital order 
parameter (OP) (for a given OP, three types of orbital ordering are possible). The temperature 
dependencies of the elastic coefficients in the low-symmetry orbital phases are also calculated in 
reference[2]. 
 The aim of this study is to present, in an unified form, results concerning the low- symmetry 
orbital phases in Pr1-xCaxMnO3 ( )5.03.0 ≤≤ x  manganite [1,2], and in addition to calculate the free 
order parameter susceptibilities and elastically clamped ones in these phases. 
 
 
 2. Free energy expansion 
 

The free energy expansion describing the orbital PT in Pr1-xCaxMnO3 ( )5.03.0 ≤≤ x  

manganite, in terms of the two invariants, 2
2

2
11 ϕϕ +=I  and 

2
2

2
12 ϕϕ=I , has the form [2]: 
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Here { }21,ϕϕ  is the main orbital two-component OP with wave vector k1=(1/2,0,0); { }21,ηη  is an 
OP characterized by the wave vector k1=(1/2,0,0) and the symmetry of the main OP, which may be a 
phonon Jahn-Teller OP; ξ  and ψ  are the secondary OPs with the wave vector k2=(0,0,0); ijC , ie  

are the elastic coefficients and the strain tensor components, respectively, in Voight’s notation; 
( )cTTr −= α , where cT  is the bare PT temperature, and 0>α , iα , iβ , 0>ir , iu , iv  are 

phenomenological parameters independent on temperature. 
 The free energy expansion (1) describes the PT from the ( )16

2hDPnma  high-temperature 

phase to some of the three low-temperature phases of the ( )2
21 /2 hCmP , ( )7

212 νCPmn  and ( )1
sCPm  

symmetry at nonzero components of OP: 01 ≠ϕ , 01 ≠η , 0≠ψ , 0≠ie , 5,3,2,1=i ; 021 ≠= ϕϕ , 

021 ≠=ηη , 0≠ξ , 0≠ie , ,3,2,1=i  and 021 ≠≠ ϕϕ , 021 ≠≠ηη , 0≠ψ , 0≠ξ , 0≠ie , 
5,3,2,1=i , respectively. 

 Using the polar representation ( )ϕρϕ cos1 = , ( )ϕρϕ sin2 = , one can rewrite Eq. (1) as a 

function of ρ  and ϕ  instead 1ϕ  and 2ϕ . From the equilibrium conditions, 0=∂∂ ψF , 0=∂∂ ξF , 

0=∂∂ iF η , 2,1=i  and 0=∂∂ jeF , 5,3,2,1=j , one gets expressions for the secondary order 

parameters. Substituting these into Eq. (1) in polar representation, we obtain the free energy 
minimized in the secondary order parameters:  
 

( ) ( ) ( ) ( ) ( )ϕρβϕραρ 2sin2sin 42
. ++= fFeff ,                                            (2) 
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The polar angle ϕ  in Eq. (2) determines the low-symmetry phase. In the case of 

( ) ( ) 0<ρβρα , ( ) 0≠ρβ  there are three low-symmetry phases in general [2]: 

(a) at 
4

πϕ =  we have 021 ≠= ϕϕ , which corresponds to the ( )7
212 νCPmn  phase, and  

 
( ) ( ) ( )ρβραρ ++= fF eff .,1 ;                                                       (4) 

 
(b) at 0=ϕ  we have 01 ≠ϕ , 02 =ϕ  (or in the other domain 01 =ϕ , 02 ≠ϕ ), which 

corresponds to the ( )2
21 /2 hCmP  phase, and  

 
                          ( )ρfF eff =.,2 ;                                                                      (5) 

(c) at �
�

�
�
�

�∈
4

;0
πϕ  we have 021 ≠≠ ϕϕ , which corresponds to the ( )1

sCPm  phase, and 

 
               ( ) ( ) ( ) ( ) ( )ϕρβϕραρ 2sin2sin 42

.,3 ++= fF eff .                  (6) 

 
Here, .,effjF  is an effective free energy of the j th phase.  
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 The boundaries between different phases are determined from the conditions: .,2.,1 effeff FF = , 

.,3.,1 effeff FF = , .,3.,2 effeff FF = . 

The temperature dependence of the main OP is defined from the system of equations 
0., =∂∂ ieffjF ϕ , 2,1=i . Using the relations 0., =∂∂ ϕeffjF , 0., =∂∂ ρeffjF , and a positive definition 

of the matrix of the second derivatives, one can obtain equilibrium values of ρ  ( 0≠ρ  in the low-
symmetry phases) and ϕ  corresponding to a minimum of the potential (2). 

The matrix of second derivatives of the potential is equal to the inverse susceptibility matrix 
 

( )ij

ji

F 1
2

−=
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∂ χ
ϕϕ

, ( )2,1, =ji .                                            (7) 

 
 One should distinguish two kinds of susceptibil ities: (a) free order parameter (low-

frequency) susceptibilities ( )frχ , when the secondary order parameters are able to follow the 
fluctuations of the main orbital OP, and (b) elastically clamped (high-frequency) susceptibilities 

( )clχ , when the secondary order parameters cannot follow the fluctuations of the main orbital OP. 
Following the calculation approach in [6] for obtaining the free order parameter susceptibilities, one 
must use the potential minimized in secondary order parameters (2), while for obtaining the 
elastically clamped ones one should differentiate Eq. (1) in polar representation, and only after that 
substitute the equilibrium values of the secondary order parameters.  

Using equil ibrium conditions, for the low-temperature phases in the case of free angle 

susceptibility ( ) 1−fr
ϕϕχ , we obtain  
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for the phases with symmetries ( )2

21 /2 hCmP , ( )1
sCPm  and ( )7

212 νCPmn , respectively. 
For the clamped susceptibil ities, all second derivatives are renormalized:  
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where for the phase with ( )2

21 /2 hCmP  symmetry, ( ) 02sin2 =ϕ ; for the phase with ( )1
sCPm  

symmetry, ( ) ( ) ( )ρβραϕ 22sin2 −= ; and for the phase with ( )7
212 νCPmn  symmetry, ( ) 12sin2 =ϕ . 
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 3. Conclusions 
 

The free energy (1) describes all phase transitions from the high-temperature phase of the 
( )16

2hDPnma  symmetry with wave vector k1=(1/2,0,0). The PT with the symmetry change: 

(a) ( ) ( )2
21

16
2 /2 hh CmPDPnma →  - is described by 01 ≠ϕ , 02 =ϕ  (or 01 =ϕ , 02 ≠ϕ ),  

which corresponds to 0=ϕ ; 

(b) ( ) ( )7
21

16
2 /2 νCPmnDPnma h →  - is described by 021 ≠= ϕϕ , which corresponds to  

4πϕ = ; 

(c) ( ) ( )116
2 sh CPmDPnma →  - is described by 021 ≠≠ ϕϕ , which corresponds to  

( )4;0 πϕ ∈ . 
The effective free energies in Eqs. (4), (5) and (6) for the low-temperature phases are 

obtained from the free energy expansion in Eq. (2), at different values of the polar angle 
[ ]4;0 πϕ ∈ . A similar free energy expansion was used to describe the structural phase transitions in 

La2CuO4 [6]. It is concluded from the experimental data [3, 5] that the phases with ( )2
21 /2 hCmP  and 

( )1
sCPm  symmetries take place in Pr1-xCaxMnO3 at x ≈ 0.5. The phase diagram of Pr1-xCaxMnO3 

manganite for 0.3 ≤ x ≤0.5 [5, 7] (see Fig. 1a in Ref. [2]) should be verified in further experiments. 
In this concentration range, the phase diagram can be presented as shown in Fig. 1b of ref. [2]. 

For the low-temperature orbital phases in Pr1-xCaxMnO3 (0.3<x≤0.5), the free order 
parameter susceptibil ities and elastically clamped ones have been calculated (see Eqs. (8), (9)). One 
notes that, here, in contrast to ref. [6], for the high-temperature phase ( )0=ρ  the free order 
parameter susceptibilities are not the same as the clamped ones (see the first of Eqs. (9)). In the 
general case, however, the free order parameter susceptibilities should not be the same as the 
clamped ones (e.g. high-frequency phonons are different from low-frequency ones). 
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