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A nano - sized oscillator with fractional damping and a nonlinearity due to the Casimir
force is presented. It is used the Fourier - Volterra series method for the study of the
nonlinear mode. The solution is established also using a variational integral method of J. H.
He, based on Lagrange multiplier method.
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1. Introduction

For many years the Casimir effect was a theoretical curiosity. Experimental physicists have
realized that the Casimir force affects the micro-machined devices.

The Casimir effect [1] represents a quantum dectrodynamics effect [2] which consists in
polarization of two perfectly conducting bodies. The Casimir force which appear between the two
conductors acquire significant values when separation between the conducting surfaces is reduced to
less than 100 nm. This effect was established also between two digectric media placed in the field [4].

The Casimir effect becomes important only in our days due to its manifestations in the micro-
and nano-structures. This effect presents a series of applications at the nano/microe ectromechanical
sysems (NEMS/MEMS) used in mechanica sensors [3,4] and at the future gquantum computing
systems. It is important to tdll that the motion of this class of sensors can be described equally in
terms classical mechanics or in terms of quantum mechanics.

The Casimir effect appears also in conductors with finite conductance and in conductors with
rugosity [5].

On the other hand it is found that in the NEMS/IMEMS structures the most adequate kind of
damping processis the factional damping [6].

The mathematical modeling of systems with nonlinearity and fractional damping is difficult,
being used currently numerical procedures.

The aim of this paper is to illustrate the possibility of obtaining good approximate solutions
of motion equations for a NEMS/IMEM S system with nonlinearity and factional damping using the He
variational integral method [7,8] and the Volterra series method [9,10].
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2. Mechanical model

There was established that the Casimir force between two perfectly conducting plates without
rugosity, is an attractive force given by [1,2]:

_ 7 HcA
¢ 240z*

)

and between a sphere and a conducting plate, perfectly conducting and smooth surfaces is given by:

_ 7°heR
¢ 3602°

)

where 7 =h/277is the Planck constant, ¢ — is the speed of the light, A — the area of the plates, R —
radius of the sphere and z is the distance between the two plates, respectively between the sphere and
the plate.

In practice, it is preferable the configuration plate — sphere in order to avoid the alignment
problems of the paralld plates.

The system is presented in the figure 1.
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Fig. 1.

Our modd comsistes of a micro sized cantilever subjected to an dstic force, a Casimir force
and a fractional damping force [2]. The motion equation of the system is describet by:

2 f
md—2x+/ld—fx+kx— c 2
dt dt (d-x)
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where the second term is due to the fractional friction force, the third to the dastic force, and the forth
to the Casimir force and F(t) an external excitation force. The fractional damping in expressed by a
fractional derivative, f being a fractional number, and A - a damping constant. A typical value for f
can be taken 0.5. The Casimir force correspond to the case of conducting plate spaced at d in the
equilibrium position from a conducting surface. m represents the mass of the conducting plate and k
the equivalent eastic constant of the suspension. The constant ¢ results from (1):
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The d'dt' fractional derivative represents a linear operator intuitively defined [11] in terms of
Fourier analysis. If we denote by X(a), the Fourier transform of x(t):

X(w) = +fx(t) exp(-i at)dt,

—00

the d'x/dt" fractional derivative of x(t) will be:

dt_ff X(t) = %7 I(i )" X (c0) exp(i ct)ct, 4

We consider the case of a harmonic excitation with angular frequency w will denote by wn
the natural angular frequency of the system in absence of the Casimir force and damping:

k
F(t) = F, cosat, w, = o ®)
where Fy is the amplitude of the force.
The eguation (3) becomes:
2 f
d—zx id—fx+wn2x—l%=lFocosax (6)
dt m dt m (d - x) m

A similar equation can be obtained for the case of a spherical conductor sustained by an
dastic dement with h constant (a cantilever). In this case in the fouth term of (6) the power of the
denominator will be 3 and c:

_ 7°heR
360

The nonlinear term can be expressed in the case of small oscillation in series, resulting that
(5) can be written:

2 f 2 3 4
O A0 x-S g+ a% 410X 420X 435X )= LE coswt ()
dt®” moat md~ d d® d d*’m

3. Variational iteration method

In order to find an anaytical solution of the Eq.(7) we will use a powerful variational iteration
method created by J. H. He [5], similar with Lagrange multiplier method.

This method gives the possibility to give convenient approximate solutions to all kinds of non-
linear egquations. We limit oursdves to the application of the powerful method for the case of a
nonlinear system in the type:
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Lx+ Nx=g(t),
where L isalinear operator, N is a nonlinear operator and g(t) is a know function.

(8

The variational iteration method gives the possibility to write the solution of the equation (8)

with the aid of the correction functional:

a0 = 5,0+ [ AL, (1) + N, () - o),

)

where x, is an initial approximations with possible unknowns, A is a Lagrange multiplier and X

represents a term with a restricted variation (J)Zn = O) .

The A multiplier can be found from the stationary condition of the correction functional dx,.1=0.

Wewill use this method in order to obtain the solution of the constitutive equation (6), taking:

2
_ 2
_FXHU” X,

_Ad 1 ¢
mdt'~ m(d-x*’

g(t) = 1 F, cosat
m

The correction functional will be:

Xt (8) = %, (1) +iA(r){§Ti Xo + @, %, +NX,(7) - g(D)]d7.

Imposing the stationary condition (Jx,.1=0) to the correction functional resultsin:
1-A'(1)|,,=0,
A'(1) +w, A(T) =0,

A |==0,

fromwhich the Lagrange multiplier can be identified as

A(r)=wisinwn(r—t).

n

Wewill consider an initial approximation of the solution of the equation

2
2, _
Fx0+a)n X, =0,

(10)

(11)

(12)
(13)

(14)

(15)
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containing the integration constants C and D:

X, =Csinw,t + D coswi,t. (16)

Using (10), (11), (15) and (16) it results afirgt iteration of the solution:
X, = Csn(w. t)+Dcos(w t)+ (—7\ wnf C wnz co(w, t) cos@ nfj

+A wnf Cwnz sin(w_t) sin(;nfj +A wnf C w” cog(w, 1) cos(; nf]

f 2 . . (1 f 2 . 1
-Aw Cw sn(mnt)sn[znf)—)\ w Dw sm(oont)cos(zr[f)

-2 D’ cos(w t)sin L) +F cos(tw) o2
2 ° " (17)

+ A oonf D w?sin(w_t) cos[; nf) +A oonf D w? cos(w, t) sin[;nf)

2
2 A f 2 . 1 f
—F,cos(w t) w +cos(w t)Aw Dow sin(w t)c ST

-A oonf C w? cos(w_ t)2 Cos(l T[f) +cos(w_t) A oonf C w?sin(w t) sin[;nf)

f 2 2 . 1 f 9 . 1
+Aw Dow cos(w t) sm[zm‘)—cos(oont))\oon Dw sn(mnt)cog[znf)
f 2 2 . (1 f 2 2 1
-Aw D wcos(w t) sm[znf)w\ w Cw “cos( t) Cog[zmc)
fm 2 (1 )
—cos(w t)A w Cw. sn(wnt)sn[znf))/(mmn (W +w) (W -w))+w

where

o L
24
+180 C cog(w, t) @ D*mt - 48 C cog(w, t) _cd’t+180 C*cog(w_ t) o mt

-180Dsin(w t) w C*mt-80cCDsn(2w, t)d’+48Csin(w, t)cd’

(120cD?d*+120¢c C*d* - 180 D®sin(w, t) @ mt+48Dsin(w t) w cd’t

+45Csin(3w_t)mD?-315C sin(w_ t) D*m-15D%cos(w t) m
+15D%cog3w t)m-135C%sin(w t)m-45D cog3w t) mC?

2 ~2 2 12 2 (18)
+40ccoy2w t)d“C -40ccos(2w t)d“D°+45D cosg(w t) C°m

+160cC D sin(w_t)d’-80ccogw_t)d?D*~160ccos(w_t)d* C?

-24ccogw, 1) d*+24d*c-15C%sin(3w, ) m) / (w0, md?)
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These calculations was obtained on computer with the aid of the symbalic calculation package
Maple 7. It is possible to obtain a second iteration.
In the calculations we used the fractional differentiation rules [11]:
d" . 7t df ¢ 7t
——-sin(at) =a’ sin(at+—), ——cos(at) =a’ cos(at+—). 19
Cltf() ( 2) CltfS() S( 2) (19)

It results that the variational iteration method gives analytic accurate solutions. In the linear case
this method gives after one iteration the exact solution for the oscillator with fractional damping. It is
possible to use this method to identify the nonlinear models from experimental results [12].

3. Volterra series method

There are methods expressing the response of the nonlinear systems in terms of generalized
transfer functions. For a nonlinear system described by equations, the solution x(t) can be expressed in
terms of Volterra series as [9,10]:

X(t) = [y (T )T ~1)dry + | [ho(Ty, 7o)U(T, ~U(T, —t)d7,dT ..

—00 —00 —00

+°f0 T ofohn(rl,rz,...rn)u(t—rl)u(t—rz)...u(t—rn)drldrz...drn+... (20)

—00 —00

where h, (71, T, ..., 1) isthen™ order (n = 1, 2, 3, ...) transfer function, and u represents the input
excitation. Inour case u (t) = (Fo/m) exp(iat). The form of this kind of nonlinear transfer function
depend on the due form of excitation function u(t).

The n-dimensional Fourier transform of the n™ order transfer function is:

Hn(a'lv @1 seey a‘h):

[ [ Ih (7,75, .. T)expl—i(en Tt w, T+ .w,T,)]dr,dT,...dT

and by inverse transform results:

hh(n, o.., )=
[ [ JH (W, @,,...w,) expli(w T, + Wy T5+...00,T,)]dwdw, ... dw,

—00 —00 —00

We consider in the following that the excitation is of harmonic type u = A exp(i wt), where A
is the amplitude of the external perturbation and wis the angular frequency.

The Volterra series method gives the possibility to obtain solutions for nonlinear differential
equations with the form:

Lx+> a,x* =Aexp(iat),

k=2

where the second term contain a polynomial nonlinearity, and L is a linear operator which contains the
derivatives with respect to time, and constant quotients. In our case



Nonlinear vibrations of a nano sized sensor with fractional damping 883

~d? Adf
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By introducing eg. (20) in eg. (7) one may calculate different orders of the transfer function
for harmonic excitation. In our case the response will have the form [9,10]:

2 Foun . > )
X(1) =D (D) "H, (@, @, ., ) exp(inat) = Y &, explinat) (21)
n=1 n=1
where @) = ... = @ = @ This solution represents a superposition of harmonics. The amplitudes &,

can be found from the motion equation (7).
Using the notation L( w) = -of + (AIM)(icw)" + (a? — 4c/md?) the following results are
obtained:

-1
"l
£ =2,
2 L(2w) 261
__ 1 2
C,zs_ L(3w)(6a261£2+651) (22)
¢ :—LG:a H(w w,...,w)
NP =

where 0,= —10c/md’, a=—20c/md* and a,=—35/md”.
In the last equation H,® (where 0 < k < n) represents the modified transfer function which
correspond to the X* response [8,9]:

HY, (, @, ..., @) =

=k! ¥ X'H, (@, @,,..., w, H,, (@) 41,0, 45, w,,).-H, (0, w,,.., w, )
wkn) N
whereay = ... = @y = w and the notations:

V=V, +V,+. .tV +l=n-v, +1
were used; (v, k, n) indicates that the summation will be made for all integer values 1 so that
Vi +Vy+.+Y =n, Isvspy, <20,

2'n indicates that the summation will be repeated N times, corresponding to all non-identical
products which can be obtained by permutation of theindex j of ¢j. The number of termsiis:

n!
0 Lyt ATy
vl il !

wherer; isthe number of the first number of index equally, and so on.
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It is important to note that the Volterra series method gives the possibility to obtain the
parameters of the nonlinear mode from the harmonic components of the response [13].

4. Conclusions

In the paper we consider a MEMS/NEMS nonlinear oscillator with fractional damping and
nonlinearity due to the Casimir force. These models of nonlinear oscillators is of interest due its
applcationsin thefidd of micr/nano sensor structures.

The aim of the paper was to demonstrate that it is possible to obtain analytic solution with
accurate precision in the case of nonlinearities and fractional damping.

An accurate solution of this nonlinear oscillator was obtained without difficulty using the
variational iteration method of He. In the linear case this method gives, after one iteration, the exact
solution for the oscillator with fractional damping.

A solution of the nonlinear oscillator corresponding to a harmonic excitation (Fo/m) exp(i at)
was obtained in terms of harmonic components. The Volterra series method gives the possibility to
obtain the parameters of the nonlinear modd from the harmonic components of the response.
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