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A structural model for scattering intensities with multiple
fractal regions
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We report here a new structural model based on deterministic fat fractals (fractals with positive Lebesgue measure) which
describes experimental small-angle scattering (SAS) data characterized by a succesion of fractal regions with arbitrarily
lengths. We calculate analytically the corresponding mono- and polydisperse structure factors. We study its properties in
momentum space and show how one can extract the upper and lower edges of the fractals and the crossover position
between fractal regions with different scattering exponents. The latter quantities are correlated to the variation of scaling
factor with the iteration number, and can be used to estimate the sizes of fractal subunits. In order to illustrate the
applicability of the obtained results to various nano- and microstructures, we study the scattering properties of the fattened

version of two well-known regular 3D fractals: Cantor sets and Menger sponge.
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1. Introduction

The small-angle scattering (SAS) technique (neutrons,
X-ray, light) is one of the most important investigation
method of structural properties of disordered matter at
nano- and microscales, since it’s non-destructive and the
obtained quantities are averaged over a macroscopic
volume [1 - 3]. It yields the elastic cross section per unit
solid angle as a function of momentum transfer, which
describes, through a Fourier transform, the spatial density-
density correlations in the irradiated sample. The measured
physical quantity in a SAS experiment is the normalized
cross section per unit volume (scattering intensity), which
is defined by I(q) = (1/V')do/dQ, where q =4m/
Asin 8, 1 is the wavelength of the incident radiation, and 6
is half the scattering angle.

Many disordered nano- and microsystems, such as
elastomeric membranes [4, 5], cement [6], magnetic [7, 8],
or biological structures [9 - 11] have the self-similarity
property in a certain scale, and this may play an important
role on electromagnetic [12], statistical [13], electrical [14]
or optical [15] properties. Therefore, the concept of fractal
geometry [16, 17] together with SAS technique can be
used to obtain new insights about the structural properties
of such systems [18].

For random (statistical self-similar) fractals, the main
parameters which can be obtained is the fractal dimension
of the system and the lower and upper edge of the fractal
regions. Thus, the main advantage in using SAS for
investigating fractal structures resides in its abillity to
differentiate between mass and surface fractals [19, 20],
through the value of power-law scattering exponent of the
simple power-law decay I(q) «< q~*, where T = D, for
mass fractals, and 7 = 6 — Dy, for surface fractals. Here

D,,, with 0 < D,, < 2 is the mass fractal dimension, and
Dy, with 2 < D, < 3 is the surface fractal dimension.

For regular deterministic (exact self-similar) mass
fractals, the monodisperse = SAS intensity shows a
superposition of maxima and minima on a simple power-
law decay [21 - 25] and, therefore, additional information
can be extracted, such as the scaling factor S, (from the
period in the double logarthmic scale), the number of
fractal iteration (from the number of periods of the
function I(q)q~Pm), and the total number N,, of structural
subunits of which the fractal is composed (from the
relation N,, = (1/B,)™Pm) [23, 25]. By extending such
deterministic models to multi-phase fractal systems one
can reveal wether one fractal ,,absorbs® into another one,
or they are both immersed in a surrounding medium [26].
In the case of deterministic fractals having iteration-
dependent scaling factors, the structural characteristics at
each level can be obtained, as well [27].

For single power-law decays, as well as for multiple
power-law decays of fixed length (and at a given scaling
factor) the information concerning the sizes of the fractals
and of its subunits can be extracted (within the limits of the
experimental setup), from the beggining (and, respectively
the end) of the fractal region, and from the position of the
crossover between the power-law decays with different
scattering exponents [25 - 28]. However, for a succesion of
several power-law decays, the length of each individual
decay can take arbitrarily values, and a theoretical model,
which properly can take into account this feature, has not
yet been developed.

In this work, we address this issue and a new
structural model with iteration-dependent scaling factors is
developed. We perform numerical calculations of the
scattering structure factor on a system of randomly
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oriented and uniformly distributed 3D fractals. We show
that, for a given scaling factor, the length of the fractal
regions can be obtained by a generalization of the function
generating the subsequent fractal scaling factors. We
confirm our results by considering two basic models based
on the fattened versions of Cantor set and, respectively
Menger sponge, containing cubes as basic units.

2. Theoretical background

We consider a two-phase system consisting of
microscopic fractal objects with scattering length b; and
scattering length density (SLD) p,,, immersed into a solid
matrix of SLD p,. If V' is the irradiated volume by the
incident beam (neutrons, X-ray, light), the cross section
can be written as do/dQ = |A(¢)|?, with
A@) = [, ps(FeT 8T, py(F) = T;b;8(F — 7), and
7; are the objects positions. Then, the scattering intensity
becomes

1(q) = nlApPVEIF(@)I%), €))

where n is the fractal concentration, V is the volume of the
fractal object, Ap = p,, — p,, is the scattering contrast,
F@@ = @/V) [, e a7 with F0)=1 s the
normalized form factor, and ( ...) represents the ensemble
averaging over all orientations of the objects. We consider
that the probability of any orientation is the same and
therefore the ensemble averaging can be obtained by
integrating over the solid angle in spherical coordinates.
Thus, one obtains

(f (0 8y ) = 1/(4m) [" dO sin 6 ;" df (q,6, ),
with g, = acos¢sinb,q, = qgsin¢siné,q, = qcos8.

For a deterministic fractal with balls of radius R as
subunits, the scattering intensity is [25]

1(0)S(q)|Fo (GR)|?
I(q) =—"~—, )

where I1(0) = n|Ap|?V? is the intensity at zero angle,
Fy(GR) is the form factor of the fractal subunits (balls, in
Eg. (2)), N,, is the number of fractal subunits, and

(pgp-3)

S(q) = N

3)

with p; = ;e 97, beying the Fourier transform of the
density of ball centers.

The polydispersity is taken into account by
considering a log-normal distribution Dy (1) of the scatterer
size [25], where the mean length [, and its relative
variance o, are given by

l2 b= 2 %
1o = (N, 0y z(”“—“) 4)

3. Construction of fat fractals

The construction of the Cantor set and Menger sponge
is very similar to that of generalized regular mass Cantor
and Vicsek fractals [23, 25]. In both cases we apply a top-
down approach in which an initial structure (here cube, but
any other shape could be used as well) of edge length [, is
repeatedly divided into smaller cubes, according to a given
rule (see below).

In order to obtain a deterministic fractal we proceed as
follows: one consider the initial cube (initiator) as the
m = 0-th iteration. Then, this is divided into 27 smaller
cubes with side length 1/3 from the initiator. The next
iteration (m = 1) implies that some cubes (out of 27 ones)
are kept and others are removed, and depending on how
many are kept and at which positions, it defines the
generator of the fractal. In particular, for Cantor sets we
keep the 8 cubes from the corners and remove all the
others, while for the Menger sponge we remove the
smaller cubes in the middle of each face together with the
cube in the center, and keep all the others. By repeating the
same operation on each of the remaining cubes (8 for
Cantor set, 20 for Menger sponge), one obtains (at m = 2)
64, and respectively 400 cubes of side length 1/32 from
the initiator. Therefore, the cubes at m-th iteration have the
side length L,, = (1/3)™l,, and their number is given by

8™,
Non = {zom

for Cantor set 5
for Menger sponge’ ®)
By considering the limit m — oo, the regular (thin; and
which corresponds to the scaling factor 1/3 in the
generalized Cantor fractal [23]) Cantor set and Menger
sponge have an iteration-independent fractal dimensios
log8/log3 =1.89 and respectively log20/log3 =
2.73. The “fattened” version of the above fractals is
obtained by keeping the side length 1/3 for first m, (> 1)
iterations, then keeping the side length 1/3% for next
m, (> 1) iterations etc. The final structure is topologically
equivalent to the regular structure, but the “holes” decrease
in size sufficiently fast, so that for m — oo, the fractal has
nonzero and finite volume (hence, the name fat fractal).
Here, the construction process is very similar to
that described in Ref. [27]: we specify the initiator in
Cartesian coordinates as a set satisfying the inequalities
—lo/2 < x; < 1y/2, where i = 1,2,3, and x; are the three
directions. The origin lies in the center of initiator, and the
axes are parallel to its edges. The iteration rule (m = 1,
generator) is to replace the initiator by cubes of edge

length /)’S(l)lo. Note, that whenever the quantity (...)
appears in the exponent, it is to be interpreted as an index
and not a power. For the Cantor set, the centers of the 8
cubes are shifted from the origin by the vectors
d = (B, By, £81e} with all the combina-
tions of the signs, where Bt(l) =(1 —/35(“)/2. For the
Menger sponge we have, as in the case of Cantor set, 8
cubes shifted by d;, but with 12 additional cubes shifted by

{2801, 81,0}, {£5°10,0,£51,} and
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{0, +8M1,, iﬁt(l)lo}. The next m, —1 iterations are
obtained by the same procedure and with the same values
of ﬁs(l). However, for the next m, iterations we consider

) for next m; iterations we take B and so on (Fig. 1).
Thus, for “fattened” versions the edge of the removed
parallelepiped at m-th iteration is y,, = aPm, where

0<a<1land
1D Canfor fat fractal
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Fig. 1. Construction of the one-dimensional Cantor fat
fractal for various values of the number of iterations at

which the scaling factors are kept constant.
@my=2,m,=2,my=2,..; b my=3m,=
3, m3 = 3, .
1, m=1,..,m;
Pm =12, m=my.. my +m,. (6)

Thus, the edge length of each remained cube is

Lp=1/2"[12,(1 —y;), the scaling factor at m-th
iteration is
1-Ym
=, %
and
In—1(1+¥m)
[ =, ®)

4

Depending on the particular values of m;,i=
1, ...,k one can generate fractal structures built from a

succession of exact self-similar fractals, the former ones
having different scaling factors at different scales (Fig. 2).
By taking into account that D,,, = —3 log2/logﬁs(m), we
shall expect a succession of power-law decays of the form
S(q) «< g~Pm [27] but with fractal regions of arbitrarily

length.
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Fig. 2. (Color online) Variation of function p,, (Eq. (6);

and implicitly of the values of the scaling factor) with the

iteration number m. Black (squares): one scaling factors

for all iterations (which is a regular deterministic

fractal); Red (disks): one scaling factor starting with

every second iteration; Blue (triangles): one scaling
factor starting with every third iteration.

4. Results and discussions

The positions of the cube centers of Cantor set and
Menger sponge can be written through their generative
function as [23]

Gi(cs) (@) = cos(q,u;) cos(qyui) cos(q,u;), 9

and, respectively

- 1 -
6@ = 35(6 @

+4 (L’{Z(ﬁ) + L7 (@) + L{Z(ci))) ,(10)

where we write LY*(g) = cos(q,u;) cos(q,u;), L¥*(q) =
cos(q,u;) cos(q,u;), sz(ﬁ) = cos(qyui) cos(q,u;) and
u; = loﬁt(i) ]'[j';l1 ﬁs(j ), Therefore, the fractal structure factor
[3] becomes

S(q)

(€S) (2412
G; ) or Cantor set
_y e @b, s (11

m 2
(6™ @], for Menger sponge.
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The results for the monodisperse fat fractals are shown
in Fig. 3 where we can see that the structure factor is
characterized by three main regions: at low q (S 4A™1%)
we have a plateau on a double logarithmic scale, and this
gives the radius of gyration of the overall fractal, and
finally an estimation of its upper edge. Analytical solutions
for various fractals have been recently developed [23, 25,
27]. At intermediate g (4 = 1000 A~! for m = 4, and
4 +20000A~* for m =6) we have a succession of
minima and maxima on a simple power-law decay with
various values of scattering exponents. The length of each
power-law decay increases with increasing the number of
iterations for which we keep fixed the scaling factor. The
crossover position (region where the scattering exponents
change) between the fractal regions is situated after the last

iteration with scaling factor ﬁs(l) and before first iteration

with scaling factor 2.

S /N
=

(b) aly

Fig. 3. (Color online) Monodisperse fractal structure
factor (Eq. (11)) for: (a) Cantor set; (b) Menger sponge.
The black (upper) curves (m; = m, = 2) are shifted
vertically by a factor of 10* with respect to red (lower)
curves (my; = m, = 3) in order to increase readability.
The vertical lines are the minima positions (Eq. (12)).
The horizontal lines are the asymptotes, given by 1/N,,.

For both structures, the position of minima is reached
when the fractal subunits interfere out of phase, and thus
for m-th iteration we have
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Fig. 4. (Color online) The log-periodicity of I(q)qPm for

the fat Cantor set. The periods are related to the scaling

factor. The number of minima equals the iteration

number of constant scaling factor. (a) my = m, = 2;
(b) m; =m, = 3.

Minima positions are marked by vertical lines in
Figs. 3 and 4, and they show a good agreement with Eq.
(12). The asymptote (the region beyond the last power-law
decay) of the structure factor is 1/N,,,, and coincides with
the asymptote of the regular fractals, since in this region
S(g) = 1 [23, 25] and the number of particles (at a given
iteration and generative function) is the same for both,
regular and fat fractals. The region between the end of the
intermediate region, and the beginning of the asymptotic
region gives information about the size of smallest subunit
of the fractal and thus about the lower edge of the fractal.
[23, 25].

Important features of the fractals can be obtained from
a graph of I(q)qPm vs.q on a double logarithmic scale
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[25], for each fractal regions of the scattering intensity.
Thus, the log-period is equal to loglo(l/ﬁs(l)) for the first

fractal region, and is equal to loglo(l/ﬁs(z)) for the second
fractal region. The number of minima in a given region is
equal with the number of iterations at a constant value of
the scaling factor. Fig. 4 shows the log-periodicity of fat
Cantor set at my = m, =2 and m; = m, = 3 for both
fractal regions (I(q)q**°vs. ¢ in Fig. 4a, and
1(q)q*% vs. q in Fig. 4b), where the scaling scaling
factors and the number of minima are clearly revealed at
various scales (spatial regions of constant scaling factors).

10 3o )
09 40* 100 16*® 10 q@°

Fig. 5. (Color online) Polydisperse fractal structure

factor with relative variance g, = 0.5 for: (a) Cantor set;

(b) Menger sponge. The black (upper) curves

(m; = m, = 2,) are shifted vertically by a factor of 10*

with respect to red (lower) curves (my; = m, = 3) in

order toincrease readability. The horizontal lines
are the asymptotes, given by 1/N,,.

The effects of polydispersity are shown in Fig. 5,
where we can see the succession of simple power-law
decays with decreasing values of the scattering exponents.
The curves becomes smoother (as compared with
monodisperse case, see Fig. 3) and the power-law
scattering exponents, the relative lengths of the fractal
regions together with the values of the asymptotes are
preserved. This shows that by taking into account the

polydispersity, we can apply the developed model to a
large class of experimental SAS data.

5. Conclusions

We have developed a theoretical model that
generalizes the well-known mass fat fractals. We
calculated analytically the corresponding mono- and
polydisperse structure factor from a system of 3D Cantor
set, and respectively Menger sponge, and have shown how
one can extract the structural information.

The model can be applied to experimental data which
shows a succession of fractal power-law (generalized or
simple) decays with arbitrarly decreasing values of the
scattering exponents. We have emphasized its main feature
to describe the individual power-lw decays with variable
length. It has been shown that the length of each power-
law decay is correlated with the number of iterations fow
which one keeps constant the scaling factor.

The proposed model is aimed at describing
microstructural properties of various hierarchical structures
(nano- and/or microclusters, biological objects, advanced
artificially created micromaterials etc.), and it can be easily
extended to take into account various relative positions and
shapes of the fractal subunits, as well as various types of
polydispersity.
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