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A theoretical investigation has been carried out to analyze the focusing of electromagnetic field by a parabolic reflector 
coated with a plasma layer under normal angle of incidence. The reflection and transmission coefficients at dielectric-
plasma and plasma-perfect electric conductor interfaces are derived analytically. The focal region electromagnetic field 
expressions have been obtained using Maslov’s method. The derived analytical field expressions at caustic or focal point of 
plasma coated parabolic reflector have been solved numerically using MATHEMATICA. The effects of some physical 
parameters such as the plasma and wave frequencies and the thickness of plasma layer on the focal regions reflected and 
transmitted field from plasma layer are studied. The comparisons of the computed results of the presented formulations with 
the published results of some special cases confirm the accuracy of the presented analysis.   
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1. Introduction 
 
In recent years the study of analysis of 

electromagnetic waves focused in the focal region by 
plasma as absorbers or reflector [1,2] is imperative in the 
current arena of advanced technologies for microwave, 
millimeter-wave, and optical device applications. The 
analysis of focal region filed is useful for optical 
spectroscopy, medical treatment and hyperthermia. The 
image field may be also useful to generate images of the 
human body with the help of radio frequency. Such type of 
analysis is very significant to find out the suitable 
parameters of the plasma which affect the reflection, 
absorption, and transmission of the electromagnetic 
energy. When cylindrical and spherical metallic 
structures, as reflector antennas for example, enter into the 
Earth’s atmosphere with high velocities, plasma layer 
forms on their antennas surfaces [3]. Thus, usually 
antennas of space vehicles are on the surface in contact 
with the plasma layer and this layer affects the radiation 
characteristics of antennas [4]. Also, the existence of the 
plasma layer on a metallic target changes the reflected 
wave energy, especially in the study of the interaction of 
intense electromagnetic waves with a metallic surface. 

Many types of reflectors have been investigated in the 
open literature recently for focused electromagnetic wave 
in the focal region by using different techniques, for 
example, elliptical reflectors, cylindrical reflectors, 
hyperbolic reflector, etc [5-7]. These reflectors are the 
reflective devices used to collect or project the power of 
the electromagnetic waves. The opposite is also true; an 
electromagnetic wave source placed at the focus produces 
a parallel beam of electromagnetic waves. Parabolic 

reflector is also used as electromagnetic field reflector. 
The main advantage of this reflector is that it focuses a 
parallel beam which is incident on it, travelling along the 
optical axis, at single point [8]. The resulting reflected 
image is free of aberrations in geometrical optics 
approximation. The parabolic reflectors have a very high 
gain, low cross polarization, and reasonable bandwidth. 
That is why parabolic reflector can be termed as ideal 
focusing systems. 

The geometrical optics (GO) approximation is well 
known technique. However, in many problems, such as 
describing fields in the vicinity of caustic, ART or 
geometrical optics (GO) does not provide satisfactory 
results [9]. To overcome the defect of GO Maslov’s 
method is used. Maslov’s method is a combination of 
asymptotic ray theory (ART) and Fourier transform 
method [10-12]. This technique has been used to study 
analysis of high frequency field in focal region succesfully 
by many authors [13-18]. In this paper, we consider a long 
metallic parabolic reflector coated with a cold collision 
plasma layer on its surface. The reflection and 
transmission coefficients at free space-plasma and plasma-
perfect electric conductor interfaces have been derived 
analytically.  The electromagnetic field intensity in the 
caustic or focal region of this parabolic reflector has been 
derived using Maslov’s method. The effects of some 
physical parameters such as the plasma and wave 
frequencies and the thickness of plasma layer on the focal 
regions field transmitted and reflected from plasma layer 
have been studied. The results of the presented 
formulations have been compared with the published 
results of some special cases which confirm the accuracy 
of the presented analysis.   
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2. Methods and formulation 
 
Let us consider geometry of a parabolic reflector 

made of perfect metal in the presence of a plasma layer as 
shown in Fig 1,equation of surface of metallic parabolic 
reflector is given as 

 
ߞ           ൌ ݂ െ కమ

ସ௙
                                 (1) 

 
where  ݂  is the focal length of the metallic parabolic 
reflector. Then, the equation of the parabolic plasma layer 
placed on the metallic parabolic reflector is defined as 
follows: 

ߞ   ൌ ݌ െ కమ

ସ௣
                        (2) 

 
where ݌ ൌ ݂ െ ݀   and  ݀  are  focal length of the 
parabolic plasma layer and the thickness of the plasma 
layer, respectively. According to the mathematical 
concept, coordinates of a point on the parabolic surface of 
the plasma layer ܲሺߦ଴, ζ଴ሻ  in terms of a point on the 
metallic parabolic reflector Q(ߞ ,ߦ ) are defined as [7] 
 

଴ߦ   ൌ ߦ െ    ଶ                          (3)ߙݏ݋ܿ݀
଴ߞ ൌ ߞ ൅  ଶ                           (4)ߙ݊݅ݏ݀

 
where ߙଶ ൌ  .2݂ሻ/ߦଵሺି݊ܽݐ

 
 

Fig. 1. Plasma coated parabolic reflector  
 

Now, we consider a monochromatic electromagnetic 
wave incident on the parabolic plasma layer, parallel to its 
symmetry axis as [6,15] 

 
࢏૙ࡱ    ൌ ௜݁̂௫ܧ expሺെ݆݇௜ݖሻ                             (5) 
࢏૙ࡴ   ൌ ଴ߟ

ିଵܧ௜݁̂௬ expሺെ݆݇௜ݖሻ                       (6)        
                         

where ߟ଴ ൌ ටߤ଴ ߳଴ൗ   is intrinsic impedance of free space. 

As a plane wave is made incident on the plasma coated 
parabolic reflector, the wave vector of the reflected wave 
can be worked out by using Snell’s law whose 
mathematical expression is described in the following 
form 
 

ܚ۾     ൌ ܑ۾ െ 2ሺܑ۾.  (7)                            ܖሻܖ

 
where ܖ  is unit normal to the surface and ܑ۾  is wave 
number of incident wave.  Let unit vector normal to the 
surface of the metallic parabolic reflector and parabolic 
plasma layer are ܖ૚   and ܖ૛  respectively can be written  
  

૚ܖ  ൌ ݁̂௫cos ଵߙ ൅ ݁̂௭sin  ଵ                       (8)ߙ
૛ܖ ൌ ݁̂௫cos ଶߙ ൅ ݁̂௭sin  ଶ                       (9)ߙ

 
 The reflected electric and magnetic fields from 

parabolic plasma layer can be written as  
 

࢘૙ࡱ ൌ ௥݁̂௫ܧ expሺ݆݇௜ݖሻ                          (10) 
࢘૙ࡴ  ൌ െߟଵ

ିଵܧ௥ expሺ݆݇௜ݖሻ                     (11) 
 

The electric and magnetic fields of the wave that 
propagating towards the interface ݖ ൌ ݀  and reflected 
towards the interface ݖ ൌ 0  inside the plasma layer can be 
written    

ଵࡱ    
௣ ൌ ଴ଵܧ

௣ ݁̂௫ exp൫െ݆݇௣ݖ൯                        (12)  
ଵࡴ   

௣ ൌ ܼିଵܧ଴ଵ
௣ ݁̂௫ exp൫െ݆݇௣ݖ൯                  (13)    

ଶࡱ  
௣ ൌ ଴ଶܧ

௣ ݁̂௬ exp൫݆݇௣ݖ൯                            (14)  
ଶࡴ    

௣ ൌ െܼିଵܧ଴ଶ
௣ ݁̂௬ exp൫݆݇௣ݖ൯                   (15)   

 
The reflection and transmission coefficients at free 

space- plasma layer interface and at plasma layer-metal 
interface using boundary conditions can be obtained.  The 
wave after reflection from the parabolic reflector will meet 
the border of the plasma layer, so part of it reflects through 
the layer and the other part transmits out of the layer, 
toward the parabolic reflector symmetry axis.  

By applying Snell’s law of reflection and refraction 
the wave vector ۾૚ of the wave reflected the wave vector  
 ૚  of the refracted wave by plasma parabolic layer areۿ
given by [11]  

 
૚۾  ൌ െ ݁̂௫sin ଵߙ2 െ ݁̂௭cos2  ଵ                          (16)ߙ
૚ۿ ൌ ݁̂௫Ksin ଵߙ ൅ ݁̂௭ሺ1 ൅ Kcos      ଵሻ                   (17)ߙ

 
 where K ൌ ඥnଶ െ 1 ൅ cosଶ ଵߙ െ cos  ଵ. Again byߙ
applying Snell’s law of reflection the wave vector ۾૛ of 
the wave reflected by the metallic parabolic surface is 
given by 
 

૛۾ ൌ ݁̂௫൫Kଵsinሺߙଵ െ ଶሻߙ2 െ cosሺߙଵ െ ଵሻߙଶሻsinߙ2 ൅
൅݁ݖK1cos1ߙെ22ߙെsin1ߙെ22ߙsin1ߙ      

       (18) 
 

૛ۿ  ൌ ݁̂௫ ቀଵ
ଶ

݊cosߙଵሺsinሺߙଵ െ ଶሻߙ2 െ sinሺ3ߙଵ െ ଶሻߙ2 ൅
        2K2sin21ߙെ22ߙെK2sin1ߙ൅  
݁̂௭ ቀଵ

ଶ
݊sinߙଵሺsinሺߙଵ െ ଶሻߙ2 െ sinሺ3ߙଵ െ ଶሻߙ2 ൅

2K2sin21ߙെ22ߙെK2cos(19)                                  1ߙ 

where  Kଵ ൌ ට൫െ1 ൅ 2݊ଶ ൅ cosሺ21ߙሻ൯/2 
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Kଶ ൌ ඨ1 െ ݊ଶ ൅
݊ሺcos ሺߙଵ െ ଶሻߙ2 െ cos ሺ3ߙଵ െ ଶሻߙ2 ൅ 2Kଵcosሺ2ߙଵ െ ଶሻሻଶߙ2

4
 

 
The Jacobian associated with wave reflected by the 

parabolic plasma layer is obtained  
 

 Jଵሺτሻ ൌ ୈభሺதሻ
ୈభሺ଴ሻ

ൌ 1 െ ୡ୭ୱమ ఈభ
௉

߬                          (20) 
 

The Jacobian associated with wave reflected by the 
metallic parabolic layer is obtained  

 
Jଶሺτሻ ൌ ୈమሺதሻ

ୈమሺ଴ሻ
ൌ ଵ

ସ௙௄మ
మ ሺ4݂ܭଶ

ଶ ൅ cosଷ ଵߙ ݐ ቀെKଶ൫2ܭଶ
ଶ ൅

݊2൅݊െ222ܭ൅݊cos1ߙ൅ ݊K2൅cos1ߙcos21ߙ          

                                                                                        (21)
The fields expressions for the reflected and 

transmitted rays out of the plasma layer in geometric 
optics are obtained as under [13-18]     

 
 
 

 
,ݔሺ࢘ࡱ  ሻݖ ൌ ఎభି௝௓ ୲ୟ୬ ௞೛ௗ

ఎభା௝௓ ୲ୟ୬ ௞೛ௗ
௜ሾ Jଵሺτሻሿିభܧ

మ݁݌ݔሾെ݆݇ሺΨ଴ ൅    ሻሿ                                            (22)ݐ

      

,ݔሺ࢚ࡱ                                         ሻݖ ൌ െ ଶఎభ
ఎభା௓

ଶ௓௘షೕమೖ೛೏

ሺఎభା௓ሻାሺఎభି௓ሻ௘షೕమೖ೛೏ ௜ሾ Jଶሺτሻሿିభܧ
మ݁ൣ݌ݔെ݆݇൫Ψ௣ ൅ ߬ ൅        ൯൧            (23)ݐ

 
where ߖ଴ ൌ ݂ ୡ୭ୱ ଶఈభ

ୡ୭ୱ ఈభమ ൅ ௣ߖ   ,߰݊݅ݏ݀ ൌ ܲ ୡ୭ୱ ଶఈమ
ୡ୭ୱ ఈమమ , ݐ is 

parameter along the ray from coordinates of point on 
parabolic plasma layer to focal point and ߬ is the distance 
between the ܲሺߦ଴,ζ଴) and  Q(ߞ ,ߦ ). It is observed that the 
GO field the reflected and the transmitted wave becomes 
infinity at the Caustic points as is expected     

when   ܬሺݐሻ ൌ 0. We can derive the expression which is 
valid at the focal point using the Maslov’s method. The 
exact location of focal or caustic point may also be 
obtained at  ܬሺݐሻ ൌ 0. By using Maslov’s method we want 
to find valid field expressions in focal region. In the focal 
regions a valid field expression is given by [9-18].       

              
The integrand and phase function of the integral of 

transmitted field from plasma layer is evaluated as under  
 

 
 

Qൌ ஽ሺఛሻ
஽ሺ଴ሻ

பሺ୮౮ሻ
பሺ୶ሻ

ൌ ୡ୭ୱయ 1ሺ୏మା݊ߙ ୡ୭ୱ ఈభሻሺ௄మ
మ൅݊൅4୏మ݊ ୡ୭ୱ ఈభା௡ ୡ୭ୱ ଶఈభሻ ୱ୧୬మ ఈభ

ସ௉௄మ
మ                                             (24)    

  
 S=ܵ଴ ൅ ߬ ൅ ߬ െ ,ሺxݖ ௭݌ ௭ሻ݌ ൅ ଵ߬=ݔ௭݌ ൅ ݎ ሺݏ݋ܿ ଶߙ2 െ     ሻ                                                          (25)ߠ

 
   ߬ଵ ൌ ඥሺߦ଴ െ ሻଶߦ ൅ ሺߞ଴ െ   ሻଶ                                                                                                     (26)ߞ

 
Similarly the integrand and phase function for the 

integral of reflected field from plasma parabolic layer can 
be obtained   easily. The final field expressions along  the 

focal point of plasma parabolic layer and metallic 
parabolic reflector are obtained as  

                  

    ாሺ௫,௭ሻ
ா೔

ൌ 2ටଶ௙௞
గ ׬

ఎభି௝௓ ୲ୟ୬ ௞೛ௗ
ఎభା௝௓ ୲ୟ୬ ௞೛ௗ

௟/ଶ
ି௟/ଶ ܿ݁ݏ ଵߙ ൈ ݎሾെ݆݇ሺ݌ݔ݁ ሺݏ݋ܿ ଵߙ2 െ ሻߠ ൅ ݀sinߙଵሻሿ݀ߙଵ            (27)       

       

 ாሺ௫,௭ሻ
ா೔

ൌ 2ටଶ௉௞
గ ׬ ଶఎభ

ఎభା௓
௓௘షೕమೖభ೏

ቀሺఎభା௓ሻାሺఎభି௓ሻ௘షೕమೖభ೏ቁ
ට 1

Q2x

݀Q2z
ߙ݀

K2
cos3 ߙ

௟/ଶ
ି௟/ଶ ሾെ݆݇ሺ߬ଵ݌ݔ݁ ൅ ݎ ሺݏ݋ܿ ଶߙ2 െ  ଶ          (28)ߙሻሻሿ݀ߠ

   
where ݈ ൌ  ଵሺܽ/2݂ሻ is the angle which subtends theି݊ܽݐ
aperture. 
 
 

3. Numerical result and discussion 
 
In this paper, optical focused  electromagnetic fields 

reflected and transmitted from a plasma layer coated 

parabolic is observed at normal incident around the 
Caustic points ܨ and ܲ. Then the effects of thickness of 
coating, electron density in plasma and effective collision 
frequency of plasma on the optical focused fields are 
discussed. The incident frequency of electromagnetic 
wave is taken as ݂ ൌ 1 ൈ 10ଽHz. The numerical results 
are compared with the published literature to check the 
correctness of analytical calculations and also as well the 
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working of software pack. By using MATHEMATICA 
software, the computations are made of equations (27) and 
(28). Figure 2 shows the comparison between previous 
study and our study. When plasma medium is replaced by 
the dielectric free space then the present work transforms 
into the published work as in [12] and good agreement is 
found between analytical and then numerical calculations. 

 Fig. 3a and Figure 3b show the comparison of the 
field intensity distribution of the reflected and transmitted 
field from plasma layer parabolic reflector around the 
Caustic points ܨ and ܲ along z-axis for the different 
values of thickness of plasma layer respectively. The solid, 
dashed, dot and thick dashed lines show the result 
at ݀ ൌ 0.01 m,݀ ൌ 0.02 m,  ݀ ൌ 0.03 m and ݀ ൌ 0.1 m 
for reflected field and ݀ ൌ 0.010 m,݀ ൌ 0.012 m,  
݀ ൌ 0.014 m and ݀ ൌ 0.016 m for transmitted field from 
plasma layer parabolic reflector respectively. From Fig. 3a 
and Fig. 3b it is observed that the field intensity shifts to a 
smaller value as we decrease the thickness of plasma layer. 
It is also observed that that ratio of decrease of field 
intensity of transmitted at focal point is 10 times less than 
the reflected field which shows absorption of field in the 
plasma layer. 

 

          
 

Fig. 2. Comparison of normalized field intensity of 
plasma layer coated parabolic reflector under special 
conditions  (dashed line)  and  parabolic  reflector  (solid  
                      line)[12]  at Caustic point. 

 

 

 

Fig. 3. Normalized field intensity distribution around 
focal points ܨ and ܲ of plasma layer coated parabolic 
reflector with respect to ݇ݖ for different values                          
of    thickness   of    plasma    layer    (a)   Reflected   field 
                               (b) Transmitted field. 

 
 

Fig. 4a and Figure 4b show the comparison of the 
field intensity distribution of the reflected and transmitted 
field from plasma layer parabolic reflector around the 
Caustic points ܨ and ܲ  along z-axis at the different values 
of electron density of plasma layer. The solid, dashed, dot 
and thick dashed lines shows the result of ݊ ൌ 1.0 ൈ
10ଵଽ݉ିଷ,݊ ൌ 5 ൈ 10ଵ଼݉ିଷ,  ݊ ൌ 1.0 ൈ 10ଵ଼݉ିଷ and 
݊ ൌ 5.0 ൈ 10ଵ଻݉ିଷ  for reflected field and  ݊ ൌ 1.0 ൈ
10ଵ଻݉ିଷ,݊ ൌ 2.0 ൈ 10ଵ଻݉ିଷ,  ݊ ൌ 3.0 ൈ 10ଵ଻݉ିଷ and 
݊ ൌ 4.0 ൈ 10ଵ଻݉ିଷ for transmitted field from plasma 
layer parabolic reflector respectively. From Figure 4a it is 
observed that the field intensity shifts to a smaller value as 
we decrease the values of electron density of plasma layer. 
From Figure 4b it is observed that the field intensity shifts 
to a smaller value with minor increase in the values of 
electron density of plasma layer. These effects will helpful 
for increasing or decreasing image field at Caustic points.  

Fig. 5a and Figure 5b show the comparison of the 
field intensity distribution of the reflected and transmitted 
field from plasma layer parabolic reflector around the 
Caustic points along z-axis at the different values of 
effective collision frequency of plasma layer. The solid, 
dashed, dot and thick dashed lines shows the result 
at ݒ ൌ 5.0 ൈ 10ଵ଴ݒ ,ݖܪ ൌ 6.0 ൈ 10ଵ଴ݒ  ,ݖܪ ൌ 7.0 ൈ
10ଵ଴ݖܪand ݒ ൌ 8.0 ൈ 10ଵ଴ݖܪ  for reflected field and 
ݒ  ൌ 0.5 ൈ 10ଵ଴ݒ ,ݖܪ ൌ 1.0 ൈ 10ଵ଴ݒ  ,ݖܪ ൌ 1.5 ൈ
10ଵ଴ݖܪand ݒ ൌ 82.0 ൈ 10ଵ଴ݖܪ  for transmitted field from 
plasma layer parabolic reflector respectively. From Figure 
5a it is observed that the field intensity shifts to a smaller 
value as we increase the values of effective collision 
frequency of plasma layer. From Figure 5b it is observed 
that the field intensity shifts to increase with minor 
increase in the values of effective collision frequency of 
plasma layer. 
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Fig. 4. Normalized field intensity distribution around focal points ܨ and ܲ of plasma layer coated parabolic reflector with 

respect to ݇ݖ for different values of electron density of plasma layer (a) Reflected field (b) Transmitted field. 
 

   

 
Fig. 5.  Normalized field intensity distribution around focal points ܨ and ܲ of plasma layer coated parabolic reflector with 
respect to ݇ݖ for different values of effective collision frequency of plasma layer    (a) Reflected field (b) Transmitted field. 

 
 4. Conclusion 
 
In this paper, the reflection and transmission of 

electromagnetic wave propagating through a plasma layer 
coated parabolic reflector for normal incidence is analyzed 
numerically by using Maslov’s method. The reflection and 
transmission coefficients for free space-plasma and 
plasma-perfect electric conductor interfaces are derived 
analytically. The field distribution is presented in the form 
of numerical results for different parameters to clarify the 
focusing behavior of plasma layer coated parabolic 
reflector under normal angle of incidence. It is cleared that 
the normalized reflected and transmitted field intensity of 
plasma layer coated parabolic reflector around the Caustic 
points along the z-axis decreases by increasing the 
thickness of plasma layer.  The normalized reflected field 
intensity decreases as the value of electron density 
decreases whereas normalized transmitted field decrease 
with the increase value of electron density around the 
Caustic point decreases along z-axis  of plasma layer 
coated parabolic reflector . The normalized reflected field 
intensity decreases as the value of the collision effect 
frequency increases whereas normalized transmitted field 
decreases with the decrease in value of collision effect 

frequency.  The absorption of field in the plasma layer is 
also observed. These results can be helpful in the study 
and designing of optical devices. 
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