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Binding energy and spatial extension of an off-centre
donor impurity in ZnS/CdSe spherical core/shell
nanostructures
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Coulomb correlation, binding energy and inter-particle distance of a donor impurity placed anywhere in the well region of a
spherical core/shell nanostructure are studied in the framework of the effective mass approximation. Finite height barrier is
used to describe conduction band offset between core and shell of the structure. Electron effective mass mismatch between
core and shell and dielectric mismatch at the surface where core and shell materials meet are taken into account. Off-centre
donor ground state energy is determined via Ritz variational principle using a trial wave function where Coulomb attraction
between electron and ionized donor is considered. The theoretical approach developed is used to determine Coulomb
correlation parameter, binding energy and spatial extension of the off-centre donor as functions of core to shell radii ratio for

ZnS/CdSe core/shell nanostructures immersed in aqueous or organic solution.
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1. Introduction

The quantum size effects have been described, for the
first time, in the early 80’s by Alexei I. Ekimov [1] and
Louis E. Brus [2, 3]. Since these original and pioneering
works Quantum Dots (QD’s) have been investigated
widely both theoretically and experimentally. QD’s are
semiconductor inclusions which may be synthesized via
soft chemistry methods at low temperature as colloidal
suspensions in organic solutions, or precipitated at high
temperature in a semiconducting or in an isolating host
matrix. QD’s are synthetic structures which are at the
midway between solids and atoms. They present spatial
order and compactness of bulk semiconductors, however
their emission and absorption spectra are close to those of
single atoms. In fact, because of ultimate confinement in
three directions of space, all degrees of freedom of charge
carriers are frozen. Due to their nanometer scale size,
quantum characters of electrons and holes emerge, their
energies are quantized and depend on the dot size. So, the
line which corresponds to transition from top of valence
band to bottom of conduction band is blue shifted and the
absorption spectrum reduces to a series of narrow and
intense peaks. This outstanding property enables tuning, in
advance, effective gap of quantum dot which is known in
literature under the name of “‘band gap engineering”’.

Nowadays, technological advances in the field of
experimental techniques of growth have enabled

fabrication of high-quality semiconductor QD’s within a
wide range of sizes for different fields of applications such
as optical encryption [4], multiplexing [5], solar light
harvesting in both the visible and the near infrared for
hydrogen generation [6], biological and medical
applications where QD’s are used for sensing intracellular
processes at the single molecule level [7,8]. They are also
utilized as fluorescent tags in high-resolution cellular
imaging [9-12], as relevant intracellular probes to
investigate routing of ligands in live cell, in tumor
targeting and in diagnostics [13-16].

In the two last decades, spatial attention devoted to
QD’s has in a large part shifted to Core/Shell
nanostructures. These latter structures are similar to onion,
they are also named Quantum Dot-Quantum Well
structures [17], they involve, basically, lattice matched
semiconductors. They are mostly obtained via soft
chemistry processes of growth by coating a spherical
quantum dot of a given semiconductor with a spherical
shell of another semiconductor. This shell may also be
encapsulated by a spherical organic or inorganic thin layer
to smooth quantum dot surface and to neutralize dangling
bonds. By virtue of conduction and valence band edges
alignments of semiconductors concerned, the final
nanostructure may be of type I when electrons and holes
are confined in nanostructure core (CdSe/CdS [18],
CdSe/ZnSe [19]) (see figure la), inverted type I when
electrons and holes are confined in nanostructure shell
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(CdS/CdSe [20], ZnSe/CdSe [21]) (see figure 1b), type 1T
when charge carriers of opposite sign are spatially
separated i.e. electrons are confined in core while holes are
confined in shell of quantum dot (CdTe/CdSe [22],
CdS/ZnSe [23]) or vice versa (see figure 1c). In core/shell
nanostructures, electron and hole ground state energies as
well as their radial probability densities depend on core
and shell geometrical parameters. This exceptional
property enables tuning, in advance, effective gap of
nanostructure and single particles radial probabilities of
presence inside the dot which is known in literature under
the name of ‘‘wave function engineering’’.

According to present status of science and technology,
colloidal solutions from soft chemistry methods containing
semiconducting core/shell nanostructures as suspensions
exhibit outstanding spectroscopic properties. Their
electroluminescence and photoluminescence spectra
depend on semiconductors involved, on core size and shell
thickness which enables synthesis of quantum dot size-
tunable color colloidal solution, fabrication of electrically

driven colloidal quantum dot light emitting devices (QD-
LED) and electrically driven full-color QD-LED displays
[24].

Shallow impurities whose energy levels are close to
bottom of conduction band or top of valence band are
expected to play a key role in emission or absorption of
core/shell nanostructures. In past few years, some
theoretical works were devoted to stark effect [25] and
diamagnetic effect [26] on off-centre donor binding energy
respectively in a spherical quantum dot and in a spherical
quantum dot-quantum well. This year, diamagnetic
susceptibility of an off-centre donor [27] and polarizability
of an on-centre donor impurity confined in a core/shell
nanostructure were calculated in the framework of the
effective mass approximation. It appears that application
of an external electric field leads to a weakening of
hydrogen-like donor binding while application of a
magnetic field implies a strengthening of attraction
between opposite sign particles.

Core Shell | Core Shell Core Shell |
(e) (e) (e)
El* —& 11| AE, AE | —o—E" Er —& | AE, £
c c / g
Eg $ E: Eg E: Ec
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(a) Type | (b) Inverted Type I (c) Type Il

Figs. 1. Conduction and valence band offsets for
type | (a), inverted type | (b) and type Il spherical core/shell nanostructures.

In this study, we determine ground state energy and
wave function of an electron confined in a spherical
core/shell nanostructure. We show that for a fixed dot
radius Ry, it exists a critical value R, of core radius for

which electron energy E.° is equal to conduction band
offset V,, (see figure 2b). So for 0 <R, <R, electron

energy E' is lighter than conduction band offset V

while electron wave function is standing in shell and is
evanescent in core (see figure 2a). On the other hand for
Re <R: <Ry, electron energy E.)° is greater than

conduction band offset V,, whereas electron wave

function is standing in the whole nanostructure (see figure
2c¢). On the basis of electron wave function expressions,
we construct a trial wave function for off-centre donor
which takes into account attractive Coulomb correlation
between opposite sign particles. Then, we determine via
Ritz variational principle ground state energy, binding
energy, Coulomb correlation parameter and spatial

extension of a donor placed anywhere in the well region of
a spherical core/shell nanostructure as functions of core to
shell radii ratio for different ionized donor positions.

2. Theory

Let us consider an off-centre donor placed in the well
region of an inverted type I core/shell hetero-nanostructure
(see figure 1b). This kind of structure is composed by a
spherical wide band gap semiconductor nanocrystal of
radius R. and a dielectric constant &, playing the role of

core, over coated with a narrower band gap semiconductor
layer of a radius Ry, a thickness T =Ry —R. and a

dielectric constant &, playing the role of a shell. The

whole nanostructure is immersed in an aqueous or in an
organic solution. The bottom of core conduction band is
above the bottom of shell conduction band (see figure 1b).
The top of core valence band is below the top of shell
valence band (see figure 1b). Due to this well-like band
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profiles, charge carriers are partially confined in narrowest
band gap semiconductor.

2.1 Electron ground state energy and wave
function

In the framework of the effective mass approximation
and assuming isotropic, parabolic and non-degenerated
bands, the Hamiltonian H, of a confined electron, in CGS

electrostatic units, reads:

h 1 h
He =(- Vo) o—=—(= V)V, (1) &)
] 2m,(r,) ]
The first term stands for hermitian kinetic energy
operator for a position dependent effective mass particle
proposed for the first time by BenDaniel and Duke [28].
Electron effective mass in unit of free electron mass
m, is given by:
W <R

. me,,
me(re):{ . 2

m,,, R <r, <Rg

R. and Ry are respectively inner and outer radii of
core/shell nanostructure (see figures 2).

Electron confining potential inside narrowest band
gap semi-conductor due to conduction band offset between
core, shell and host medium V. () is expressed as
follows:

Ve, 0<r, <R¢
Vwe (re): 05 RC < re < RS (3)
o, Ry <,

The Schrodinger equation giving electron eigenvalues

E. and eigenfunctions ‘P, @ writes:
H, ¥, (1) =E, ¥, (r,) O

Separation of radial and angular variables in equation
(4) leads to the following expression of wave functions:

¥, (r)=R"(T)Y,, (6,9, (5)

R, (r,) is the radial part of wave functions, Y, (6,,9,)

is a spherical harmonic, N is the principal quantum
number, | and M are orbital and magnetic quantum
numbers.

Afterwards, we focus on electron ground state
corresponding to following quantum numbers N=1, =0
and m=0, namely Is state since nanostructure effective
gap is related to shell semiconductor gap by the following
equation:

E;:ore,shell — EgSheII + Eels + Elis (6)

To determine the radial part R*(r,) of an electron
wave function for all values of core radius R. lying
between 0 and a predetermined shell size R;, one must

consider two different cases. In the first one, electron
ground state energy E!° <V, and core radius R. <R,

where R, is a critical value of R. corresponding to
E =V,, (see figure 2.1). Maximum of radial probability
density function is in shell and radial part R*(r,) of
electron wave function writes :

Ale Sh(l:lere) , 0 < r.e < Rc
RS(r) = o @)
A, sin(k,, (rre -Ry)) R.<r <R,

e

where k, =+2m.(V,, —E,)/#* and k,, =+/2mE, /7> .

In the second case, E.;° >V,, and R >R, . Maximum of

probability density function is in core and radial part
R.(r,) of single particle wave function reads:

A, sin(k,,r, ’ 0<r <R,
I
RE)=| ®)
ce Sin(k e(re -R ))
A4e %, RC < re < RS

e

where k,, =2m/,(E, -V,,)/#* and k,, =,/2m, E, /7> .
In each case, the coefficients A, are determined via

normalization condition:
j:s (RE(r)) darldr, =1 )

and continuity condition of radial part of wave function
R.(r,) atcore surface (I, =R.):

Rg)re,e(re)) = Ré;elle(re)) Re (10)

r=Re fe=

Electron ground state energy E.° is determined by

solving numerically the transcendental equation obtained
by combining continuity conditions of radial part of wave
function R*(r,) and probability current density at core

surface (r, = R;):

1 thl:Zre,e (re ) J _

m, dr,

1 dRSEeII,e(re)] (11)

m;, dr,

le
3 fe=Re
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For a given value R; of nanostructure size, the
transcendental equation giving critical value of core radius
R.. forwhich E* =V, is given by:

JT1

m EIS

ﬁl—i—SheII

(Re/2mi Vo /7 cotl(Re = Ro)\2mi Ny, /7)) =1=0 (12)

e

Fig. 2: Inverted type | ZnS/CdSe core/shell nanostructures for a fixed shell size and different core radii :

(21) R; <R, and E.° <V, ,(2.2) R, =R, and E.° =V

2.2 Off-centre donor ground state energy and
wave function:

In CGS electrostatic units and under the same
assumptions as for a single particle, the Hamiltonian of an
off-centre donor placed in well region and on z-axis
writes:

A el

0 = _*—e+vwe(re)_
°oam(r) &(r,,d) Jr? +d> —2r,d cos(6,)
13)

€ is the elementary charge. d is the ionized donor
distance to quantum dot centre such as R. <d <Ry . In
our study, we focus on ZnS/CdSe nanostructures. These
lattice matched semiconductors crystallize in the same
Bravais lattices (hexagonal wurtzite and cubic zincblende),
their dielectric constants are very close (see Table 1)

e (23) Rc >R, and E)° >V, .

which allow to ignore the effects of induced surface
polarization charges. In these conditions, electron and
ionized donor positions dependent dielectric constant
&(r,,d) reads:

, R.<r <R,and R. <d <R
£(r,,d) = & c <l s c s (14)
(6,+&,)/2,0<r, <R; and R, <d <Rq

Electron Hamiltonian presents the spherical symmetry
but off-centre donor Hamiltonian presents the cylindrical
symmetry. So, off-centre donor wave function must be

expressed in Hylleraas coordinates r,,d and r,__.. Within

this coordinates system, the Laplacian operator writes :

2 rP—d?+r? 2
-
r r, or, rr . r.or .
892 ) 3 e-D (15)
t—t
or- . r or
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Off-centre donor ground state energy and associated
wave function are solutions of the effective Schrodinger
equation :

Ho ¥ (r.dr )=E

e> ™

Y (r.dr ) (16)

DY e> Yol pr
Equation (16) is not solvable analytically. To
determine its ground state solutions, we need to use an
approximation method. Here, we use Ritz variational
principle and choose the following trial wave function:

‘PDO(re,d,re_[r):Rels(re)exp(—a ro) 17)
R.°(r,) is the electron wave function given in section 2.1.
In equation (17), exponential factor is introduced in order
to take into account Coulomb attraction between electron
and ionized off-centre donor. « is a variational
parameter. Off-centre donor ground state energy E_, is
obtained by minimization of the expectation value of H ,
with respect to & :

(¥

Ey =min <D\y

Heyo |50 )

D D

.

D

(18)

D

Finally, off-centre donor binding energy E, is
expressed as follows :
E,=E°-E., (19)
To lighten single particle Hamiltonian (equation 1)
and off-centre donor Hamiltonian (equation 13), and to
compare with the results of an exciton confined in a
ZnS/CdSe core/shell nanostructure, we use as unit of
length a;, =zn*/e’u =2.7378 nm, which represents

heavy-hole-exciton effective Bohr radius in an
intermediate bulk material between ZnS and CdSe (see

Table 1) and as unit of energy R, =mue'/28°#’
=28.7311meV , which represents absolute value of

heavy-hole-exciton ground state energy in intermediate
bulk material between ZnS and CdSe (see Table 1).
€ =(g+¢&,)/2 is the mean relative dielectric constant.

a=m,m /(m,+m) is the reduced mass of exciton in

intermediate bulk material. m =(m,+m;)/2 (i=e,h)
are single particles mean effective masses.

Table 1: ZnS and CdSe physical parameters used in the numerical calculations.

ZnS CdSe Intermediate bulk
material
m; /m, 0.28 [29] 0.13 [29] 0.205
m, /m, 1.40 [29] 1.17 [29] 1.285
H 0.2333 0.117 0.1767
E, (eV) 3.81[29] 1.75 [29]
ele, 8.9 [30] 9.4 [30] 9.15
a, (nm) 2.0177 4.2500 2.7378
Ry (meV) 40.0793 18.0158 28.7311

3. Results and discussions

In what follows, Ritz variational principle is used to
determine the ground state energy and the corresponding
wave function of an off-centre donor confined in a
ZnS/CdSe core/shell nanostructure. Conduction band
offset AE_ between core and shell is modeled by a finite

height barrier. Electron effective mass mismatch at the
boundary between core and shell and dielectric constant
mismatch between core and shell materials are considered.
Variational parameter «, binding energy E,, spatial
extension <refD*> and radial probability density r"¥?, of
a donor placed anywhere in the well region of a ZnS/CdSe
core/shell nanostructure are determined as functions of the

core to shell radii ratio R, /Ry for different ionized

donor positions d inside the well of the structure.
In figures (3.1), (3.2) and (3.3), variations of Coulomb
correlation parameter «, binding energy E, and inter-

particle distance <re7DA > of a hydrogenic donor are drawn

against core to shell radii ratio R. /Ry for a shell radius
Ry =4 ex. units and for three donor positions : d =R,
(red lines), d :(RC +Rq )/2 (green lines), d =R (blue

lines) and in the case of heavy-hole exciton (magenta
lines) [31]. Solid lines and dashed lines correspond to
cases where dielectric mismatch between core and shell

materials is taken into account (& =8.9,¢,=9.4) and

ignored (¢, = ¢, =9.15) respectively.
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In figures 4, off-centre donor radial probability
density rQZ\PZD‘, is plotted for a shell radius Ry =4 ex.
units, different values of core radius R. and three donor
positions: d =R, d =(R, +R;)/2 and d =Ry .

We begin by the comment of figures 3. First of all, we
fix shell radius value and discuss the effect of core radius.
One can remark that Coulomb correlation parameter o
and binding energy E, curves show approximately the

same behavior. However, inter-particle distance <refD+>

shows an opposite behavior. To understand these
behaviors we recall that in barrier/well structures such as
ZnS/CdSe nanostructures, we have competition between
tridimensional confinement in core which is predominant
when core radius R. tends to 0 or to Ry, and bi-

dimensional confinement in shell which is predominant for
an intermediate shell thickness T; =Ry —R. around 0.3

ex. units=0.82 nm [31]. So for R. =0, Coulomb

correlation parameter and binding energy are minimum,
inter-particle distance is maximum. These three physical

quantities correspond, respectively, to «, E, and <refD+>

of a hydrogenic donor impurity in CdSe spherical quantum
dot. When R, increases, Coulomb correlation parameter

increases, binding energy increases too while inter-particle
distance decreases. « and E, culminate at maximum

values while <reiD_> drops to a minimal value. These

extreme values correspond to strongest bi-dimensional
character of hydrogenic donor in a CdSe thin spherical
layer of thickness around 0.3 ex. units=0.82 nm [31], i.e.
when radial probability density of hydrogenic donor in
well is maximum and hydrogenic donor cloud is
sandwiched between core and matrix. Next, Coulomb
correlation parameter decreases, binding energy decreases
too while inter-particle distance increases. Each physical
quantity tends to appropriate limit value corresponding to
hydrogenic donor in ZnS spherical quantum dot.

As presented by figures 3, the three physical

quantities «, E, and <reiD‘> describe the correlation

between opposite-sign particles. Indeed, for strongly
correlated particles in a CdSe thin spherical layer, off-
centre donor Coulomb correlation parameter and binding
energy values are the highest, electron-ion distance is the
lowest. However for weakly correlated particles, Coulomb
correlation parameter and binding energy values are the
lowest, electron-ion distance is the highest.

We have seen above that when R, tends to O,

core/shell nanostructure reduces to a CdSe spherical

quantum dot. Now, we will discuss the ionized donor D*
position effect on off-centre donor Coulomb correlation
parameter «, binding energy E, and spatial extension

<reiD‘ > For D™ position such as d =R, our system
reduces to an on-centre donor in a CdSe quantum dot (see
figure (4. a. 1)), «, E, and <I’ef > tend to 0.48 ex. units,

o
1.43 ex. units and 1.51 ex. units respectively. These limit
values are in good agreement with those found by Ekimov
et al. [32, 33] and E. Assaid et al. [34]. For an ionized

donor D* placed at d =(R. +Rg)/2, the problem

reduces to an off-centre donor at halfway between centre
and surface of a CdSe quantum dot (see figure (4. a. 2)),

a, E, and <reiD+> tend to 0.55 ex. units, 1.15 ex. units

and 1.74 ex. units. Here, we recover the limit values found
by E. Assaid et al. [34] and Nomura and Kobayashi [35].
For an ionized donor D* placed at d =Ry, the problem
reduces to an on-surface donor in a CdSe quantum dot (see

figure (4. a. 3)), a, E, and <re7D_ > tend to 0.17 ex. units,

0.53 ex. units and 3.88 ex. units in accordance with the
limit values found in references [34] and [35].
When R. tends to Ry, core/shell nanostructure

reduces to a ZnS spherical quantum dot. For all ionized
donor D" positions d =R., d=(R.+Rg)/2 and
d =Ry, our problem is equivalent to an on-surface donor
in a ZnS quantum dot (see figures (4. d. 1), (4. d. 2) and (4.
d. 3)), a, E, and <reiD_> tend to 0.5 ex. units, 0.60 ex.

units and 3 ex. units. These limit values are in good
agreement with those of references [34] and [35].
For a shell thickness T =R, —R; =0.3 ex. units

(RC /Rg = 0.92), off-centre donor is confined in a thin

spherical layer of CdSe. Its behavior is similar to that of an
off-centre donor in a quantum well (see figures (4.c.1),
(4.c.2) and (4.c.3)). Coulomb correlation parameter and
binding energy are maximal (see figures (3.1) and (3.2))
while inter-particle distance is minimal (see figure (3.3)).
In figure (3.2), we notice that for thin spherical layer
of CdSe, D* position providing highest -energy
corresponds to d =R.. This is due to geometric
discomfort which is minimal in this position contrarily to
position d =Ry where electron cloud is pushed, by the

barrier, far from D*. We also notice that when D* moves
from core surface to shell surface, electron cloud follows
the nucleus D* and core radius value corresponding to
highest energy increases slightly.

Comparing off-centre donor to heavy-hole exciton,
one can remark that for core radius R. <R physical

quantities of an off-centre donor at halfway between shell
surfaces are close to that of heavy-hole exciton. In a first
approximation, heavy-hole exciton can be described as a
volume hydrogenic donor which reminds the concept of
donor-like exciton proposed by Ekimov [36].
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Fig.3. Variational parameter & (3.1), binding energy E, (3.2) and spatial extension <I’87D+> (3.3) versus core to

shell radii ratio R /Ry of an off-centre donor confined in a ZnS/CdSe core/shell nanostructure with a shell radius
Ry =4 ex. units. Solid lines and dashed lines correspond to cases where dielectric mismatch between core and
shell materials is taken into account (&, =8.9, &, =9.4) and ignored (& = &, =9.15) respectively.
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Rs = 4 ex. units

(2) D = (Re+Rs)/2 (3) D =Rs
0 2 4 4 2 0 2 4

1 1 1

42

=0

(a) Re

(b) Rc=0.5Rs

(%2}
o
o
o
o
1
O
o
<
(%2}
o
1
O
o
S
Fig. 4: Radial probability density rez‘I’éD of an off-centre donor confined in a ZnS/CdSe core/shell nanostructure
for a shell radius Ry =4 ex. units, different values of core radius: R, =0(a),0.5R, (b),0.92R; (c), R, (d)
and three donor positions: d =R (1), (Rc +R; )/2(2), Rs (3).
4. Conclusion anywhere in the well region of a ZnS/CdSe core/shell

nanostructure are determined via Ritz variational principle

In conclusion, ground state energy and corresponding ~ and in the framework of the envelope function
wave function of an off-centre donor impurity placed approximation. Coulomb correlation parameter, binding
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energy and spatial extension of heavy-hole exciton and off
centre donor are drawn as functions of core to shell radii
ratio in both cases and for different ionized donor
positions in case of hydrogenic donor. We showed that for
nanostructures such as the thickness of spherical CdSe
layer is about 1 nm, we assist to a giant electron-hole
Coulomb correlation that enhances off-centre donor and
heavy-hole exciton binding energies up to two times the
binding energy in CdSe spherical quantum dots.
Comparison of exciton and off-centre donor in different
positions allowed us to say that in a first approximation,
exciton can be well described as a volume hydrogenic
donor at halfway between shell surfaces reminding the
concept of donor-like exciton formerly proposed for an
exciton confined in a spherical quantum dot.
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