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The π-phase-shifted fibre Bragg gratings (π-PS-FBG) with the limit linewidth of the transmission peak is numerically 

investigated and designed. The investigation is divided into two scenarios. In the first scenario, the length of π-PS-FBG is 25 

mm, when the index change of π-PS-FBG increases from 1.8×10-4 to 5.4×10-4, the linewidth of the transmission peak of π-

PS-FBG decreases from 2 MHz to 0.17 Hz. In the second scenario, the index change of π-PS-FBG is 2×10-3, when the length 

of π-PS-FBG increases from 3 mm to 6.8 mm, the linewidth of the transmission peak of π-PS-FBG decreases from 1.2 MHz 

to 0.56 Hz. The numerical results indicate that the limit linewidth of the transmission peak of the designed π-PS-FBG is 0.17 

Hz and 0.56 Hz, respectively. 
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1. Introduction 
 

Fibre Bragg Grating (FBG) was reported by Hill and 

co-workers in 1978 [1]. FBG contains a phase shift at its 

center, commonly called phase-shifted FBG (PS-FBG). The 

PS-FBG has a very sharp transmission peak in the 

transmission spectrum [2, 3], and due to this advantage, the 

PS-FBG can be used as a narrow linewidth filter in optical 

fibre communication [4, 5]   or used as a high-resolution 

optical fibre sensor [6-11]. The PS-FBG is often used to 

accomplish a narrow linewidth fibre laser [12-16] or to 

reduce the linewidth of the laser diode [17, 18]. The narrow 

linewidth laser can be used in coherent optical 

communication, high-resolution spectral measurement, etc. 

[16]. When the linewidth of the laser reaches hertz-level 

[19-21], it can be used in optical atomic clocks and optical 

frequency combs. The PS-FBG with the limit linewidth 

transmission peak can be used to reduce the linewidth of the 

laser to hertz-level. 

The PS-FBG can be inscribed in a fibre using a phase 

mask and UV light. In general, the index change of the PS-

FBG ranges from 10-5 to 10-4. The length of the PS-FBG is 

several centimeters. For example, the index change of the 

PS-FBG is 1.5×10-4, the length of the PS-FBG is 25 mm, 

and the line width of the transmission peak is 10 pm [7]. In 

this paper, the index change of the PS-FBG refers to the 

depth of refractive index modulation of the PS-FBG, the 

same is true for the rest of the paper. 

Although there has been extensive research on the PS-

FBG, the PS-FBG with kHz or Hz level linewidth of the 

transmission peak reported in experimental research is not 

common. Two PS-FBGs with an ultra-narrow linewidth of 

the transmission peak were fabricated with a phase mask  

 

 

and UV light in 2010, the linewidth of the transmission peak  

of the PS-FBG is 15 MHz and 9 MHz, respectively [17,18]. 

Increasing the length and index change of FBG 

enhances the reflectivity of FBG [22]. FBG is written in 

fibre using hydrogen loading technology to increase the 

index change of FBG, and the index change of FBG can be 

as high as 5.9×10-3 [23]. FBG and PS-FBG can be 

fabricated using a femtosecond laser and phase mask [24-

28] or written with a point-by-point method using a 

femtosecond laser [29-31]. The index change of FBG 

written with a femtosecond laser can reach 6×10-3 even in 

standard telecommunication fibre [32-34]. FBGs with 

extremely high reflectivity have been used to build high-

finesse resonant cavities, the reflectivity of FBGs can reach 

as high as 99.9% [35, 36]. All these developed techniques 

will enable the researcher to fabricate the PS-FBG with an 

ultra-narrow linewidth of the transmission peak. 

The numerical investigation and designing of π-PS-

FBG with the limit linewidth of the transmission peak is 

presented in this paper. The principle of the limit linewidth 

of the transmission peak of π-PS-FBG is shown in Section 

2, the numerical investigation and designing of two π-PS-

FBGs with the limit linewidth of the transmission peak are 

shown in Section 3 and Section 4, and the conclusion is 

shown in Sections 5. 

 

 

2. Principle of the limit linewidth of π-PS-FBG 
 

The schematic diagram of π-PS-FBG is depicted in Fig. 

1. Although π-PS-FBG is a non-uniform fibre grating, it can 

be divided into uniform fibre gratings FBG1, FBG2, and π 

phase shift. At the input side of π-PS-FBG, the amplitudes 
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of the forward and backward propagating waves are R0 and 

S0. At the output side of π-PS-FBG, the light amplitudes are 

RM and SM. Then the well-known transmission matrix 

method is used to investigate its properties [22]. 

 

 

 

Fig. 1. Schematic diagram of π-PS-FBG (colour online) 

 

For simplicity and practical application, π-PS-FBG is 

generally made of two identical FBGs and a π phase shift, 

that is, FBG1 and FBG2 have the same length and index 

modulation. FBG1 and FBG2 were named FBG later in the 

paper. In such a particular case, the analytical expression of 

the transmission spectrum and the linewidth of π-PS-FBG 

can be derived. 

The reflectivity of π-PS-FBG is written as: 

 

𝑅 = |
𝑆0

𝑅0
|

2
= |

𝐹21

𝐹22
|
2

=
4𝑘2𝜎̂2𝑠𝑖𝑛ℎ4(𝛾𝐵𝑙)

(𝜎̂2−𝑘2)2
        (1) 

 

where, 𝛾𝐵 = √𝑘2 − 𝜎̂2 , 𝑘  is the coupling coefficient, 

𝑘 =
𝜋𝛿𝑛𝑒𝑓𝑓

𝜆𝐵
 , 𝛿𝑛𝑒𝑓𝑓  is the index change of FBG; 𝑙 

represents the length of FBG, that is 𝑙1 = 𝑙2 = 𝑙; 𝜎̂ is “dc” 

self-coupling coefficient, since FBG is a weakly modulated 

uniform fibre grating, therefore, 𝜎̂  is approximated as: 

𝜎̂ = 𝛿; 𝛿 is the Bragg wavelength detuning of FBG, and 

𝛿 = 2𝜋𝑛𝑒𝑓𝑓 (1 𝜆⁄ − 1 𝜆𝐵)⁄ , 𝑛𝑒𝑓𝑓 is the effective index of 

the fibre core mode LP01.  

When the amplitude of the transmission peak of π-PS-

FBG equals 0.5, 𝛿  represents the linewidth of the 

transmission peak of π-PS-FBG. From formula (1), the 

linewidth of the transmission peak of π-PS-FBG is derived 

as: 

𝛿𝑝𝑒𝑎𝑘 = 𝑘 |√2𝑠𝑖𝑛ℎ4(𝑘𝑙) + 1 − √2𝑠𝑖𝑛ℎ2(𝑘𝑙)| 

≈ 𝑘 [√2𝑐𝑜𝑠ℎ(2𝑘𝑙) − √2]⁄           (2) 

 

For a large value of 𝑘𝑙, 𝛿𝑝𝑒𝑎𝑘 is approximated as: 

 

𝛿𝑝𝑒𝑎𝑘 ≈ √2𝑘/𝑒2𝑘𝑙               (3) 

where, 𝑘 =
𝜋𝛿𝑛𝑒𝑓𝑓

𝜆𝐵
.  

From formula (3), it can be found that the linewidth of 

the transmission peak of π-PS-FBG is positively 

proportional to the index change of FBG 𝛿𝑛𝑒𝑓𝑓  and 

inversely proportional to 
𝑒

2𝜋𝛿𝑛𝑒𝑓𝑓

𝜆𝐵
∙𝑙. 

According to the mathematical property, 
𝑒

2𝜋𝛿𝑛𝑒𝑓𝑓

𝜆𝐵
∙𝑙 

grows faster than 𝛿𝑛𝑒𝑓𝑓 , as a result, the linewidth of the 

transmission peak significantly decreases as the index 

change or length of FBG increases. When the index change 

or length of FBG reaches an appropriate value, the limit 

linewidth of the transmission peak of π-PS-FBG is achieved, 

which is the aim of this work. 

 

3. Limit linewidth of the transmission peak of  

  the π-PS-FBG when its length is 25 mm 

 

Suppose that π-PS-FBG is fabricated in the standard 

single mode fibre with the commercial phase mask. The 

length of π-PS-FBG is 25 mm, the length of FBG1 (or 

FBG2) is half that of π-PS-FBG,namely, 2.5 mm. The 

index of the fibre core mode LP01 is 1.4486, and the index 

change of π-PS-FBG ranges from 1.8×10-4 to 5.4×10-4.  

For clarity, the parameters of π-PS-FBG are listed in 

Table 1. 

 

 

Table 1. Parameters of π-PS-FBG 

 

Parameter Symbol Value 

Effective index of the fibre core mode LP01 𝑛𝑒𝑓𝑓 1.4486 

Index change of π-PS-FBG 𝛿𝑛𝑒𝑓𝑓 From 1. 8×10-4 to 5.4×10-4 

Phase shift  𝜋 

Bragg wavelength of FBG 𝜆𝐵 1550 nm 

Period of FBG Λ 535nm 

Length of π-PS-FBG L 25 mm 
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The numerical results are shown in Fig. 2, the linewidth 

of the transmission peak of π-PS-FBG significantly 

decreases as its index change increases. When the index 

change of π-PS-FBG increases from 1.8×10-4 to 5.4×10-4, 

the linewidth of the transmission peak of π-PS-FBG 

decreases from 2 MHz to 0.17 Hz. It should be noted that 

the amplitude of the transmission peak of all π-PS-FBG are 

100％ within this range. 

 

 
 

Fig. 2. Linewidth of the transmission peak of π-PS-FBG decreases as its index change increases (colour online) 

 

When the index change of π-PS-FBG is 5.4×10-4, the 

linewidth of the transmission peak of π-PS-FBG is 0.17 Hz, 

this is the limit linewidth of the transmission peak of π-PS-

FBG. The calculated transmission peak of π-PS-FBG is 

shown in Fig. 3. 

Furthermore, when the index change of π-PS-FBG is 

5.6×10-4, 5.8×10-4, and 6.2×10-4 respectively, although the 

linewidth of the transmission peak of π-PS-FBG continues 

to decrease, the amplitude of the transmission peak begins 

to decline, it is 98％, 85％ and 43％, correspondingly. In 

short, when the index change of the π-PS-FBG exceeds 

5.4×10-4, the amplitude of the transmission peak of π-PS-

FBG gradually decreases, and the transmission peak 

eventually disappears. This is because that the reflectivity 

of FBG1 and FBG2 approaches to 1 when the index change 

of π-PS-FBG exceeds a specific threshold，few or no light 

waves can propagate through the stopband of FBG. 

 

 

 

Fig. 3. Transmission peak of π-PS-FBG, the linewidth is 0.17 Hz (colour online) 
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4. Limit linewidth of the transmission peak of  

  the π-PS-FBG when its index change is  

  2×10-3 

 

In this section, π-PS-FBG with higher index change is 

designed. The index change of π-PS-FBG reaches 2×10-3, 

which can be achieved by a femtosecond laser [32]. The 

other parameters of π-PS-FBG are the same as the 

parameters in Table 1, the calculated results are shown in 

Fig. 4. When the length of π-PS-FBG increases from 3 mm 

to 6.8 mm, the linewidth of the transmission peak of π-PS-

FBG decreases from 1.2 MHz to 0.56 Hz, the amplitude of 

the transmission peak of all π-PS-FBG are 100％ within 

this range.  

 

 

 

Fig. 4. Linewidth of the transmission peak of π-PS-FBG decreases as its length increases (colour online) 

 

When the length of π-PS-FBG is 6.8 mm, the linewidth 

of the transmission peak of π-PS-FBG is 0.56 Hz, this is the 

limit linewidth of π-PS-FBG. The calculated transmission 

peak of π-PS-FBG is shown in Fig. 5. 

 

 

 

Fig. 5. Transmission peak of π-PS-FBG, the linewidth is 0.56 Hz (colour online) 
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When the length of π-PS-FBG exceeds 7.2 mm, the 

reflectivity of FBG1 and FBG2 approaches 1. This feature 

is similar to that of FBG1 and FBG2 within the π-PS-FBG 

discussed in Section 3. Under such conditions, few or no 

light waves can propagate through the stopband of FBG. As 

a result, the amplitude of the transmission peak of π-PS-

FBG gradually decreases, and the transmission peak 

eventually disappears.  

 

 

5. Conclusion 

 

The π-phase-shifted fibre Bragg gratings with limit 

linewidth of the transmission peak is numerically 

investigated and designed. The limit linewidth of the two π-

PS-FBG can reach sub-hertz levels. The first π-PS-FBG has 

a length of 25 mm, when the index change of π-PS-FBG is 

5.4×10-4, the limit linewidth of the transmission peak is 

reduced to 0.17Hz. The second π-PS-FBG has an index 

change of 2×10-3, when the length of π-PS-FBG reaches 6.8 

mm, the limit linewidth of the transmission peak is reduced 

to 0.56 Hz. In comparison, the linewidth of the transmission 

peak of π-PS-FBG reported in experimental research is 

9MHz [18]. Therefore, the linewidth of the transmission 

peak of the π-PS-FBG designed in this study is reduced by 

seven orders of magnitude. 

The calculated results indicate that the linewidth of the 

transmission peak of π-PS-FBG can reach sub-hertz levels, 

and the linewidth is significantly affected by the index 

change for a given length of π-PS-FBG. These results mean 

that the challenges in the fabrication of π-PS-FBG with the 

limit linewidth of the transmission peak lie in precisely 

achieving the index change of π-PS-FBG. In addition, the 

measurement of the limit linewidth of the transmission peak 

requires high-resolution measuring instruments.  
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