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The perturbed nonlinear Schrédinger—Hirota equation with spatio—temporal dispersion that governs the propagation of
dispersive pulses in optical fibers is investigated in this study using three methods that are the Csch method, Tanh—Coth
method and modified simple equation method. The Kerr and power laws of nonlinearity are taken into account. Bright
soliton, dark soliton, singular soliton, mixed bright—dark soliton and periodic solutions are retrieved. Many constraint
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dynamical behaviors and physical significance of these solutions by using different parameter values.
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1. Introduction

The nonlinear Schriddinger Equation (NLSE) is a
nonlinear partial differential equation (NPDE) which
occurs in many physical situations in fluid mechanics
and hydrodynamics to describe the development of
surface gravity water waves. It also has numerous
applications in nonlinear optics, mathematical finance,
fluid dynamics, plasma physics, biochemistry, nuclear
physics, superconductivity describing solitary wave
propagation in piezoelectric semiconductors, condensed
matter, solid-state physics characterizing the propagation
of a heat pulse in a solid, and so on [1-6]. Several
techniques have been developed to extract soliton
solutions to NPDEs, such as the following: the modified
direct algebraic method [7], Jacobi elliptic function
method [8], sub-equation method [9,10], F-expansion
method [11], sine-Gordon expansion method [12,25],
Sardar sub-equation method [13], (G/G)-expansion
method [14], Kudryashov method [15-17], new
extended direct algebraic method [18,28], homogeneous
balance method [19], modified simple equation [20,27],
modified Kudryashov's method [25,26], exp-expansion
method [25,26], and substantially more.

1.1. Governing model

The perturbed nonlinear Schriddinger—Hirota equation
with spatio-temporal dispersion (STD) is considered in the
form [21]:

g+ g Gy + Q3 Gye + a3 g7 q
_HI G,4 qg.\.x + G'SIq Izqg)
=i(by g, +b; (I91* 9), + b3 (Ig1%), ). 1

where a4, @, and a, are respectively the coefficients of the
group velocity dispersion (GVD), the STD, and the third
order dispersion (30D). The parameters a, and as are
respectively the coefficients of Kerr law nonlinearity and
nonlinear dispersion. The coefficient by, band by are
respectively the inter-modal dispersion (IMD), the self-
steepening, and the nonlinear dispersion. The complex
function u = u(x, t) is the soliton profile, where x and t are
spatial and temporal variables respectively. Lastly, the first
term arises from the temporal evolution, where i = V-1

We also investigate the optical solitons with the model
having the power law nonlinearity that governs the
propagation of dispersive pulses in optical fibers defined by
[21]
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iq,+ Q1 Qup + Q2 Qe T a3 |17 g
"H:( Oy Qozx + G'SIQ IZﬂQ.x)
= i(by g+ b (Ig1*" ), + b3 (g™ q). (2)
where 7 is the general power law parameter.

Three methods (Csch, Tanh-Coth and modified
simple equation) are employed to extract optical soliton
solutions.

2. Travelling wave solution

The solutions of Eq. (1) or Eq. (2) are supposed as

q(x,t) = u(g)e oo, @)
where § = x —y tand 8(x,t) = —kx + wt + 8,. u(¥)
and 8(x,t) are the amplitude and phase components of
the soliton wave, respectively. ¥ is the soliton speed, K is
the soliton frequency,  is the soliton wave number and
B, is the phase constant.

Eg. (1) can be also decomposed into real and
imaginary parts. The real part of Eq. (1) is:

lag +ask — (3by + 2by) k] 2
+[a; —a, v+ 3aklu”
+la, wk —ayk* — w — b k—a, kK lu=0, (4)
while the complex part of Eq. (1) is:

e Qs (’}"-!C +6L}) _bl ] r
gt + -y —2a, k—3a,k* v

+[as — (3b, + 2by)]u? u' = 0. (5)

Integrating Eq. (5) gives:

" iy (}’k + G}} - 3&.4 kz:l
a,u + by —2a,k u
+3 las — (3, +2by)] u® = 0. (6)

Now comparing the coefficient of u”,u3 and uin
Egs. (4) and (6) results the following conditions:

ay = a;¥+a,— 3 ask, (7

_ [1-3 Kl[ag—(3by+2b4)]

a3 = 2 y (8)

and the soliton's speed as:

_ (1-R)by+2k[1-2k+E2 |ay+Ha, (k —1)- 1w )
[azk® —agk—1] '

Substituting Egs. (7)—(9) in Eq. (4) gives:

g u' +aut+a;u= 0, (10)
where

a,wk —w —by k ]

“ 7 420, k3 —a,y kP —3a, k?

(13)

3. Methodology

In this section, we will apply three different methods to
solve Eq. (10). These methods are the Csch method,
extended Tanh—Coth method and modified simple equation
method.

3.1. Csch function method

The solutions of many are expressed in the form [22]:

ul(¢) = Acsch™(uf), (14)

and

w(8) = — Atucsch® (uf)coth(ug), (15)

weey — aen2 [ (T+ l)cschT‘l'z(jui))
u"() = A ( +7 csch® (uf) ' (16)

where A4, u and T are parameters to be determined. p and A
are the wave number and wave speed of the soliton,
respectively.

Substituting Eqgs. (14)—(16) into the reduced equation
(10), we get

oy T ( (7 + Desch? T 2(ué) + zesch? [uf))

+a, A2csch® (uE) + azcsch™(ué) = 0. (17)

Balance the terms of the csch functions in Eq. (17), i.e.
3r=1+4+2, then

T=1 (18)

Collecting all terms in Eq. (17) with the same power in
cschk[u:f) for k =1 and 3 and setting their coefficients to

zero, we get a system of algebraic equations among the
unknown's A4, and p, to the subsequent system:
2a, u? +a, A2 =0,
a, u* +a;=0. (19)

Solving the system of equations in (19), we get:

— 2 mg _ T | @z
A=F a ,u——I—J a (20)
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The singular soliton solution to the model is
therefore given as:

2
glx,t) =F | esch| + [—— (x—vt)
\ as \ 1
% ez’(—k.x+m t+9,:,:|’ (21)
where
ty 3 < 0,

3.2. Tanh—Coth method

To introduce the ansatz, the new independent
variable is considered as [23]

¥ = tanh(?), (22)
and
du _ ey y2ydu
F=0-v)% (23)
fu_ _yzyde _y2yzdiu
T mA-YHT+A-YP (24

The solution is expressed in the form
u(f} = Zf:u C; v +Ez?=1 d; Y, (25)

where the parameter p can be found by balancing the
highest—order linear term with the nonlinear terms in the
reducing equation.

For the reducing equation (10), we balance u* with
u" to obtain 3p = p + 2, then

p=1 (26)

The Tanh—Coth method admits the use of the finite
expansion for

d -

S=(e—dy ¥, (28)
d® -
= (2d, ¥, (29)

Substituting &, u* and u” into Eq. (10) yields
2ay (— ¥+ V3+d, v 3—d,¥v1)

cg® + 6cq6,d;y + 3¢ ¥V + 3¢, %d, ¥
ta, | 43¢,V 4+ *YI+ 3¢%d, ¥
4+3¢cd, Y 1 43¢,d, " V2 4d,° V3

+ag (cp+ Y +d, ¥ 1) =0, (30)
where ¢y, ¢4 and dy are to be determined.
Equating expressions at ¥!, (i=-3,—1,0,1,3) to
zero, we have the following system of algebraic equations:
Y %2a+a,d’ =0,
Y12 a, —a, (3¢, +3¢,d, ) — a; =0,
Y0:a, (c?+ 6dyc, )+a; =0,

Yi:2a, —a, (3¢ +3dyc; )—az; =0,

Vi:2a,4+a,62% =0. (31)

Solving the system of equations (31), we get:

‘q ‘q 3&'12

]

ﬁc _ 18ay—ay
a, " ° © 3a,

_ 4Zayt+h, k-2ay K +ay Ko+3 gy k°
{a-k —1) ’

(32)

The dark-singular soliton solution to the model is
therefore presented as below

_‘3051_“3_ f 2ay
‘?(x: t) = ‘\|| 3(1'2 + ‘q B a,
x {tanh (x — yt) + coth(x —yt)}

% ei(—k.x+wt+90 :lJ (33)
where

aqy a; < 0.

The periodic soliton solution to the model is also
structured as

— r3ﬂ’1_'3’3_ f 20y
qlx,t) = J 3a, N
x {tan (x — yt) + cot(x — yt)}
% ez’[—k}:+mt+6‘0 J (34)
where
aq a; = 0.

3.3. The modified simple equation method

We look for the solutions of Eq. (10) in the form [24]:
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" 2
[ L
u —Al(w (lp) ) (36)
e "oor 3
w_ g (VL (Y
u —Al(w 323 +2(¢) ) (37)

Then Eq. (10) can be written as

o " 3
alAl(%P %,jb +2(ﬁ) )

tas (4o + 4, L) = 0. (38)

Equating expressions at %1%~ 9%, and ¢~ to
zero, we have the following system of equations:

a, A" +a; = 0,
a; P+ (3 4g%a; +a3) Y=
a; " —ay Ay Ay =0,
2a;+a, A= 0. (39)

Solving the system of equations in (39), we get:

Ao=F [-Z A4 =F |- (40)
¢!!!+2a" 1}0( 0’ (41)
Y- Z2y=o (42)

From Eqgs. (41) and (42), we can deduce that
fag ,
Y=o ffrel (43)

|m ¢
Y=cpoeV = o, (44)
where ¢ and ¢ are constants of integration. Substituting

Egs. (43) and (44) into Eq. (35), we obtain the following
exact solution to Eq. (1):

and

|2 arg
qlx,t) = o [ L ER e
1J2a,

% ez‘[—kx+caz+9,3j|_ (45)

llz T
28

If we set c; = —-ev =
]

", ¢, = F1, we obtain:

[ e

q(x,t) = {F [—— Ftanh( ||’2—Ta(x—yt + &)
N &y \ iy

% g?":—-[f-f"'wz"'eu:" (46)

o

_ _ 2 ay
qlx,t) =4F |—q—2+coth( |a—1(x—}ft+ &)

% g?":—-[f-f"'wz"'eu:" (47)

glx,t) =4F |f—7?$tan[ |—2a—ci3 (x—yt+ &)

N

% ei[—k.r+mt+9,:,) (48)

[

glx,t)=<F |———I—|:ot( |—— (x—yt+ &)

\

% ez‘(—.rc.x+mz+9c,j . (49)

Egs. (46) and (47) represent dark soliton and singular
soliton solutions, respectively. These solitons are valid for
ay &z > 0. Eqgs. (48) and (49) also represent singular
periodic solutions that are valid for ay a3 < 0. The surface
plot of soliton (46) is depicted in Fig. 1. The parameter
values chosenare: as =1, k=1,y=1,¢=1,a2=1, 0w =1,
b1=-3, as = 1, b2= 1 and b3= 1.
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By =las —(2n+1)b, —2n by ], (58)
k —3a,k?

0.5
19(x. )1

Fig. 1. Profile of dark soliton in optical fibers (color online)

4. Application to the model with power law
nonlinearity

Let consider the transformation defined in Eq. (3) to
split Eq. (2) respectively into real and imaginary parts
as:

(@ —a,y+ 3ask) u'+(awk—b k — w
—a k% — a k¥ u+a; +{ag
—{(2n+ Db, + 2n b}k U2 =0,  (50)
a,u" +{a, (Yk+w) —3a,k>— y —2ka, - by} u
—[as+ (2n+ )b, + 2nbJu*"u'=0.  (51)
Integrating Eq. (51) with respect to & results:
(2n+ Day,u” —[as + (2n+ 1)b, + 2n by]u®"*t

_ 2
a, (yk+ w) — 3a,.k }u= 0. 52)

+(2n+ 1}{ —y— 2kay — b,
Comparing Eq. (52) with Eq. (50), we get:
a;=a,y— 3ak+(2n+1)a, (53)

a;= (k—1[(2n+ 1)b, + 2n by] — as(k + 1), (54)

Anwhk—by k — K242k
[: iuikz—i u,,_kz +(2ﬂ+1)fi4bi—u=;1) (55)
rZn+10(a.k—1)
Substituting Egs. (53)—(55) into Eq. (52) gives:
Byu” + B u®™ ) 4+ fru= 0, (56)

where

By =(2n+1)ay, (57)

—y—2kay; — by

Balancing u " with u*™*1 in Eq. (56), we get 7= 1/n. To
obtain closed form solutions, we consider the transformation

u="Vn,
to reduce Eq. (56) to the below equation:
Bi[(1—n)V"2 4+ nv V"]
+n?B, Vi+niB¥? = 0.

4.1. The csch method

(60)

(61)

The solution of Eq. (61) is expressed in the form of Eq.
(14). Balancing V V" with V* in Eq. (61) gives t = 1. From

Egs. (14)-(16), Eq. (61) becomes

Byu? [ (1 +n)esch* (ué) — (1 — 2n)csch? (,uf}}

+n?B,A%csch? (uf) + n? Bacsch? (uf) = 0.

(62)

Collecting all coefficient of cschk(,uf}, fork=2and 4

to be equal zero, we have
By i (1+n) +n?, A2 = 0,
By w* (1—2n) —n*B; = 0

Solving the system (63), we get:

Ba(1+m) =Fn Ba
Ba(2n-1)" By(1-2n)

(63)

(64)

The singular soliton solution to the model with power

law of nonlinearity is therefore formulated as

| B(1+m)
glx,t)=7F ﬁiz@ﬂ— D
x csch/™| n 71{1‘6;3 ) (x—yt)

% ez‘(—kx+mt+eﬂj

where

(1—-2n) B3 ;> 0.

(65)
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4.2. The Tanh—Coth method

Substituting ¥,V" and V" into Eq. (61) results the
following:

(1-n)(c; —d, V2 —c,¥2+d,)?
(co+c,¥+d, V1)
+ny (—2(:1 (Y—¥3)+2d,(y - ?‘))
+2d (¥ 2-2v"1+¥)

B

+n?B, (cy+c Y +d, Y1)
+n*Ba(cy +e¥ +dy Y1) = 0, (66)

where ¢, ¢4 and d4 are to be determined. Eq. (66) can be
written as:

cilcy—d, Y 2=, V2 +d;)
—d, (¥ i—d, V=, +d,¥2)
—c; (Y2 —dy —c, Y +d, V)
+di(c; —dy Y2 —¢,¥2+d;)

fi(1—m)

—2¢y 4 2
— ¥ *—dy ¥
gV 1—¥V)+c,(1— YZ})
+d, (¥2-1)
gV 3+, ¥ 24d, vt
+2d,| —2(cg¥ 1+ +d, V79
+e¥ + ¢ ¥2 +d,

2
+fin +ady

(co® +2c1dy)
+2¢p6,Y + 6,2 V2
+2cod, Y 4 d, 2 V2
+2cucl( [cuj +32c1d1)1’ + 250‘;1 Yi)

+c* Y+ 2c4d; +d,° Y
teg? ([CUZ +2¢,d,)V? + 2-::0-::11’3)
46,2 V44 2¢pd, Y 4 d,°
26, d1( (6202 +2¢c,d))Y 1 + chcl )
+c,2V+2c,d, Y2 +d," V3
a2 ((cnz +2¢,d,)¥ 2 + 2¢ clY‘l)
+6,% +2¢pdy Y2 4+d, YV

(cp* + 2¢4d4)

+n?p,

(co? 4 2¢4d1) + 2¢4c, Y
46,2 Y24 2¢yd, Y1 +d, 2 V2

+n2ﬁ3( ) =0. (67)

Equating expressions at ¥* to zero, we have the
following system of algebraic equations:

Y4B (1-n) +n? Brd” =0,
v=3: By +2nd,"B, =0,
Y=2: B [—(c; + dy) —nd; + 3nc,]

Y=1:8, —2nfB, (¢?+3cdy)—np3=0,
Yo B [(c® + 4dycy + dy°) — ney? — 8neyd; +nd, ]
+1? B, (* + 12 cp’cydy + 6 dy” ;)

+n° B3(cp” + 2¢4d;) = 0,

Y: B —2nf,(c*+3¢c,d, ) —nf; =0,

Y2 By [ (e, +dy) — ne; + 3nd,]
+2n2B, ¢1(3¢y2 + 2 ¢, dy) + nPey B =0,
Vi:B+2npB%=0,

v4: g [1—n]+n?c?B=0. (68)

Solving the system of equations (68), we get:

L1 [6pi—5np—n?p;

CU=

TL\J' ZJBZ !
N — 115 (n—1)
Cl = dl - + - |7J
'”f\| B
n®(3n? -1 )

B = (6m —6 +18n% —151%) Ps- (69)

The dark-singular soliton solution of the model is
therefore introduced as below

| |68 —5nps —n2ps | [pi(n-1)
at)= T || 26, B

x {tanh (x — yt) + coth(x — yt)}
% ef':—-[f-x"'wz"'eu:" (70)
where

(n—1)p,, = 0.

5. Conclusions

This paper retrieves new travelling wave solutions. The
Csch method, extended Tanh—Coth method and modified
simple equation method are applied to get results that are of
great asset to the nonlinear Schriédinger—Hirota equation.
They are used to carry out the integration of nonlinear
Schrodinger—Hirota equation. The obtained solutions are
under certain conditions and are very useful and may be
important to explain some physical phenomena and find
applications in the nonlinear evolution equations. The results
of this paper will be of great future need. The results of those
research findings will be available down the road.
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