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Effects of dielectric mismatch and effective mass
mismatch on exciton ground state energy in spherical
Core/Shell nanostructures
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Exciton confined in a spherical core/shell nanostructure is studied in the framework of the envelope function approximation.
Finite height barriers are used to describe conduction and valence band offsets between core and shell of the structure.
Electron and hole effective masses mismatch between core and shell and dielectric mismatch at the surface where core
and shell materials meet are taken into account. Exciton ground state energy is determined via the Ritz variational principle
using a trial wave function where the coulomb attraction between electron and hole is considered. The theoretical approach
developed is applied to determine the coulomb correlation parameter, the binding energy and the spatial extension of a
bound electron-hole pair as functions of the core to shell radii ratio for CdS/HgS core/shell nanostructures immersed in

aqueous or organic solution.
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1. Introduction

Since the pioneering works done by Alexei I. Ekimov
[1] and Louis E. Brus [2, 3] where quantum size effects
have been reported for the first time, quantum dots have
been studied extensively both experimentally and
theoretically. Quantum dots are semiconductor droplets
which may be precipitated by annealing in a
semiconducting or in an isolating host matrix, or
chemically synthesized at low temperature in colloidal
organic solutions. Quantum dots are exotic structures
which are intermediate between solids and atoms. They
present the compactness of solids, but their electronic and
optical properties are close to those of isolated atoms.
Indeed, due to three-dimensional confinement, the degrees
of freedom of charge carriers are frozen in all directions of
space. Because of their nanometer scale size, the quantum
characters of electrons and holes are revealed, their
energies are quantized and depend on the dot size.
Accordingly, the line corresponding to HOMO-LUMO
transition is blue shifted. This property is known in the
literature under the name of ‘band gap engineering’.

Nowadays, the experimental techniques of growth
have made it possible to fabricate high-quality
semiconductor quantum dots within a large range of sizes
for different fields of applications such as optical encoding
[4], multiplexing [5], energy harvesting [6], biology and

medicine where quantum dots are used in the study of
intracellular processes at the single molecule level [7,8].
They are also used in high-resolution cellular imaging [9-
12], in long term in vivo observation of cell trafficking, in
tumor targeting and in diagnostics [13-16].

In the last decade, interest in quantum dots has
partially shifted to core/shell nanostructures. These onion-
like structures also named Quantum Dot Quantum Well
structures [17] are mainly obtained via chemical processes
of growth by capping a spherical quantum dot of a given
semiconductor with a spherical shell of another
semiconductor. This shell may also be coated by a
spherical organic or inorganic thin layer to passivate
quantum dot surface and to deactivate dangling bonds.
According to band offsets between semiconductors
involved, the final nanostructure may be of type I when
electrons and holes are confined in the nanostructure core
(CdSe/CdS [18], CdSe/ZnSe [19]) (see figure 1a), inverted
type I when electrons and holes are confined in the
nanostructure shell (CdS/CdSe [20], ZnSe/CdSe [21]) (see
figure 1b), type II when electrons and holes are confined
respectively in the core and the shell of the quantum dot
(CdTe/CdSe [22], CdS/ZnSe [23]) or vice versa (see figure
1¢). In core/shell nanostructures, electron and hole ground
state energies as well as their probability densities may be
tuned in advance which is known in the literature under
the name of ‘wave function engineering’.
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According to the present state of the art, solution
processable  semiconducting  colloidal  core/shell
nanostructures exhibit interesting optical properties. Their
photoluminescence spectrum depends on semiconductors
involved and also on core size and shell thickness. This

allows the synthesis of quantum dot size-tunable color
colloidal solution, the fabrication of electrically driven
colloidal quantum dot light emitting devices (QD-LED)
and electrically driven full-color QD-LED displays [24].
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Figs. 1. Conduction and valence band offsets for
Type | (a), Inverted type | (b) and Type Il (c) spherical core/shell nanostructures.

In this study, we focus on an inverted type I core/shell
nanostructure (see figure 1b). First, we determine the
single particles ground state energies and wave functions.
We show that for a fixed dot radius Ry, the nanostructure
is of inverted type I for a core radius lighter than a critical
value R, (electron and hole are in the shell), of quasi type
II for a core radius lying between two critical values R,
and R., (electron is in the core and hole is in the shell or
vice versa) and is of quasi type I for a core radius greater
than a critical value R., (electron and hole are in the
core). On the basis of the single particles wave functions,
we construct a trial wave function for the bound electron-
hole pair which takes into account the attractive coulomb
correlation. Then, we determine via the Ritz variational
principle the binding energy, the coulomb correlation
parameter and the distance between particles of an exciton
confined in a core/shell nanostructure for weak,
intermediate and strong confinement regimes.

2. Theory

Let us consider an inverted type I core/shell hetero-
nanostructure (see figure 1b). This kind of structure is
composed by a spherical wide band gap semiconductor
nanocrystal of radius R, and a dielectric constant &
playing the role of core, over coated with a narrower band
gap semiconductor layer of a radius Ry, a thickness

T =R; —R. and a dielectric constant &, playing the role
of a shell. The whole nanostructure is immersed in an
aqueous or in an organic solution with a dielectric constant
&,. The bottom of core conduction band is above the
bottom of shell conduction band (see figure 1b). The top
of core valence band is below the top of shell valence band

(see Fig. 1b). Due to this well-like band profiles, electron
and hole are partially confined in the narrowest band gap
semiconductor.

2.1 Electron and hole ground state energies and
wave functions:

In the framework of the effective mass approximation
and assuming isotropic, parabolic and non-degenerated
bands, the Hamiltonian H, of a single particle, in CGS

electrostatic units, reads:

1
2m{ (1)

H, =(%vi) (%Vi)wwi(n) i=eh ()

where € and h refer, respectively, to a single electron
and a single hole. In equation (1), the first term stands for
the hermitian kinetic energy operator for a position
dependent effective mass particle proposed for the first
time by BenDaniel and Duke [25].

The electron and hole effective masses in unit of free
electron mass m, are given by:

. m;,,
mi(ri):{ Ll

i2°

<R .
' (i=eh) ()

R < <Ry

R. and R are respectively inner and outer radii of the
core/shell nanostructure (see Fig. 2).

The electron and hole confining potentials inside the
narrowest band gap semi-conductor due to nanostructure
band offsets between core, shell and host medium
V,i () (i=e,h) are expressed as follows:



1270 A. Tbral, A. Zouitine, S. Aazou, El Mahdi Assaid, El Mustapha Feddi, F. Dujardin

Vo, 0<1 <R,
Vu(r)=10, Ro<r<Ry (i=eh) 3)
o0, Ry <,
The Schrodinger equation giving single particles
eigenvalues E; and eigenfunctions ‘Pi(Fi) writes:
H, W, (r)=E () (i=eh) (4)

The separation of radial and angular variables in equation
(4) leads to the following expression of wave functions:

P (=R ()Y, (0.0) (i=¢h) (5)

R™(r) (i=e,h) are the radial part of wave functions,
Y, (6,0) is a spherical harmonic, N is the principal

quantum number, | and m are orbital and magnetic
quantum numbers.

Afterwards, we focus on single particles ground states
corresponding to the following quantum numbers N=1,
I =0 and m=0, namely Is states since the nanostructure
effective gap is related to the shell semiconductor gap by
the following equation:

E;}ore,shell — Egshell + Eels + Erl]s (6)

To determine the radial part Rils(ri) of a single
particle wave function for all values of core radius R,
lying between 0 and a predetermined shell size R;, one
must consider two different cases. In the first one, single
particle energy E® <V, and core radius R. < R where
R is a critical value of R. corresponding to E* =V,.
The maximum of probability density function is in the
shell and the radial part R'*(r) of single particle wave
function writes:

All Sh(t“ I) 0<r| < RC
R*(r) = o (i=eh) (7)
SR o,
where k;; =+/2m,(V,, —E))/A* and ky =+2m,E /7’ .

In the second case, E/° >V, and R > R . The maximum
of probability density function is in the core and the radial
part R”°(r,) of single particle wave function reads:

sin(ky) ) 0<r <R
i i C
r

RED=1  dinky (- R)
A, Sl

(i=e.h) (8)
, R <1 <Ry

= J2m, (E, -V,)/ 1> and k,, =\2m,E, /1> .

In each case, the coefficients A; are determined via the

where ki

normalization condition:

[ (R 4mriar =1 ©

and the continuity condition of radial part of wave
function R/*(r,) at core surface (I, = R. ):

Rebes (1), o = Retani (), _, (10)

The ground state energies E° (i=e¢,h) are determined

after solving numerically the transcendental equations
obtained by combining continuity conditions of radial part
of wave function R'*(r)) and probability current density at

core surface (I, = R; ):

Rézm.m] 1 dR;;e...m)J (a1

m, dr my dr

For a given value R; of nanostructure size, the

transcendental equations, giving the critical values of core

radius R ; for which E° =V, (i=e,h),are givenby:
(Re2maVo, /77 cot((Re = Ro2m, /1 )) 12
~1=0 (i=6h)

2.2 Exciton ground state energy and wave
function:

In CGS electrostatic units and under the same
assumptions as for single particles, the Hamiltonian of a
confined exciton writes :

A, A,
T th() Vie (1) + Vi (1)
eZ

(13)

e(r,n)r,

e is the elementary charge. The electron and hole
positions dependent dielectric constant &(r,,I,) reads:

&, I,<R.andr <R;
e(r,n)=14¢,, R.<r <Rjand R, <r <R (14)
(&, +¢,)/2 otherwise

The ground state of a confined exciton presents
spherical symmetry. Thus, the corresponding wave

function must be expressed in Hylleraas coordinates I, I,
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and I, . Within these coordinates, the Laplacian operator

writes:

020 KGR @ o
' ari; 5 on L,  onor, or, (15)
+__

reh areh

where i, j=e,h (i# j). The exciton ground state energy

and the associated wave function are solutions of the
effective schrodinger equation:

HX\PX(reﬁrh7reh):Ex‘ljx(reyrhyreh) (16)

This equation is not solvable analytically, so we have to
determine its ground state solutions using an
approximation method. Here, we use the Ritz variational
principle. We choose the following trial wave function:

Wy (N1 Ty) = Rg,o(re)Rg,o(rh)exp(_areh) (17)

Rio(r,) and R/ (r) are, respectively, the electron and
hole wave functions given in section 2.1. The exponential
factor is introduced in order to take into account the
coulomb attraction between electron and hole. « is a
variational parameter. The exciton ground state energy
E, is obtained by minimization of the expectation value

of H, with respectto o :

“ <qj><|lPX>

The exciton binding energy E, is expressed as

(18)

follows:
E,=E,S+E°—E, (19)

In this study we focus on CdS/HgS core/shell
nanostructures where, for predetermined value of shell
radius Ry, critical value of core radius R, corresponding
to hole energy E,is equal to valence band offset AE, is
lighter than critical value of core radius R, corresponding
to electron energy E,° equal to conduction band offset
AE, . Accordingly, for core radius R<R,,, E;’ <AE,
and E.° < AE_, electron, hole and bound electron-hole pair
are confined in shell of nanostructure (see figure 2.1), both
R,(r,) and RO",O( r,) are given by equation (7). For core
radius lying between R, and R., E;°>AE, and
E.’ <AE,, hole is confined in the whole structure and

electron is still confined in its shell (see figure 2.2). As a
result, bound electron-hole pair is spatially separated,

Ro,(r,) is given by equation (7) while R(;‘,O(rh) is given by
equation (8). Finally, for core radius lying between R,
and Ry, E°>AE, and E;°>AE,, electron, hole and

bound electron-hole pair are confined in the whole
structure (see figure 2.3), R;,(r,) and R/ (r) are given

by equation (8).

. Epls
) ‘ E,(CdS)
Eg(CdS) ¢Eg(HgS) E,(CdS) ', (HgS) 9 $Eg(HgS)
2.1 om s (2.2) —T!_‘Eﬁs (2.3) 5—E

Fig. 2. Inverted type | CdS/HgS core/shell nanostructures
with different electron-hole spatial correlations : (2.1) both electron and hole are in the shell,
(2.2) hole is in the core and electron is in the shell, (2.3) both electron and hole are in the core.

3. Results and discussion

To lighten single particles Hamiltonians (equation 1)
and exciton Hamiltonian (equation 13), we use as unit of
length a; =z#4* /e’ =4.9779 nm, which represents light
hole-exciton effective Bohr radius of an intermediate bulk
material between CdS and HgS (see Table 1). We use as

unit of energy R, =ze'/2g°h* =17.1513meV , which
represents absolute value of light hole-exciton ground state
energy in the intermediate bulk material between CdS and
HgS (see Table 1).£ =(s,+¢,)/2 is the mean relative

dielectric constant. z=m.m, /(m, +m,) is the reduced
mass of exciton in the intermediate bulk material.
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m’ =(m_i*l+m_i*2)/2 (i=e,h) are single particles mean

effective masses.

Table 1. CdS and HgsS physical parameters used in the numerical calculations.

CdS HgS Intermediate bulk
material
m; /m, 0.2[17] 0.036 [17] 0.118
m, /m, 0.7 [17] 0.044 [17] 0.372
H 0.1555 0.0198 0.0895
E, (eV) 2.5[17] 0.5[17] -
el g, 5.5[17] 11.36 [17] 8.43
a, (nm) 1.8716 30.3610 4.9779
Ry, (meV) 69.9405 2.0875 17.1513
In what follows, we will investigate the effects of : 1)
finite band offsets AE, and AE, between core and shell, ”s 31)
ii) effective mass mismatch at the boundary between core ’ CdS/Hgs
and shell, iii) dielectric mismatch between core and shell - 20 Rs=dex.unis
materials on variational parameter ¢, binding energy E, = 15l
and spatial extension (r,) of an exciton confined in a £ l
Z 10} B
CdS/HgS core/shell nanostructure [26], [27]. 3 — (b)
In figures (3.1), (3.2) and (3.3), the variations of 3 05f
coulomb correlation parameter « , binding energy E, and : .

inter-particle distance <reh> are drawn against core to shell

radii ratio R./Rg for a shell radius Ry =4 ex. units.
Numerical calculations are performed according four
different models. In the first one, confinement inside shell
is modeled by an infinitely deep potential well and effects
of effective mass mismatch and dielectric mismatch are
neglected (cyan lines labeled (a)). In the second model,
conduction and valence band offsets AE; and AE,
between core and shell are modeled by finite height
barriers and their effect is examined (blue lines labeled
(b)). In the third model, effects of electron and hole
effective masses mismatch are added (green lines labeled
(c)). Finally, ultimate effect of dielectric mismatch
between core and shell materials is added in the last model
(red lines labeled (d)).

In case of infinite band offsets between core and shell,
exciton is completely confined in shell. For an inner to
outer radii ratio R./Ry — 0, core/shell nanostructure

reduces to a spherical quantum dot, & — 0.845 ex. units,
E, —1.365 ex. units and (r, ) —1.368 ex. units. These

limit values are in good agreement with the results
obtained by El Khamkhami et al. [28] and by Kayanuma
[29]. For an inner to outer radii ratio R; /Ry — 1, exciton
which is completely confined in nanostructure shell has a
bi-dimensional character, o —2 ex. units, E, -4 ex.
units and (r, ) — 0.5 ex. units. These limit values are

consistent with those found in the literature [28], [30].

1
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8
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6l  CdSHgs
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34T
23t ‘
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22r
Y — )
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0 " 1 " 1 " 1 " 1 "
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35
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CdS/HgS
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(d)
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0,6

0,8
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Fig. 3: Variational parameter ¢ (3.1), binding energy
E, (3.2) and spatial extension <|’eh> (3.3) versus core to
shell radii ratio R, /Ry of an exciton confined in a
CdS/HgS core/shell nanostructure with a shell radius
Ry =4 ex. units.
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In case of finite band offsets between CdS and HgS,
leakage of exciton wave function toward core region is no
more negligible especially for thin HgS layer. For
R. /Ry = 0, core/shell nanostructure reduces to a
spherical QD. When R./Ry increases, we have
competition between tridimensional confinement in a
quantum dot and bidimensionnal confinement in a
quantum well, exciton binding energy decreases. For a
critical value (R./Rg)ii®, exciton binding energy is
minimal. When R. /Rq is lying between (R./Rg)[* and
(Rc /Rg),p » exciton binding energy increases. For a value
of the ratio R. /Ry equal to (R, /Ry),p , both electron and
hole are confined in a thin HgS layer, their interparticle
distance is minimal. Exciton presents the most pronounced
bidimensional character, its coulomb correlation parameter
and binding energy are maximal. When R. /Ry increases
from (R./Rg),, to Ry /Rg, exciton binding energy
decreases due to hole relaxation in core. For R, /Rg equal
to Ry, /Ry, hole is no more confined in the HgS layer and
oscillatory part of its wave function is extended over the
entire structure. For a structure such as R, <R. <R,
oscillatory part of hole wave function is extended over the
whole structure while oscillatory part of electron wave
function is localized in HgS layer, bound electron-hole
pair is spatially separated and interparticle distance is
maximal. Exciton behaves like a non-correlated electron-
hole pair, its coulomb correlation parameter and binding
energy are minimal. When R./R; is equal to R /Rs,
electron is no more confined in HgS layer and oscillatory
part of its wave function is extended over the entire
structure. For a structure such as R, /Ry <R./Rs <1,
exciton binding energy increases. When R./R; —1,
core/shell nanostructure reduces to a spherical QD.

In case where effects of electron and hole effective
masses mismatch are taken into account, and in ultimate
case where effects of dielectric mismatch between core
and shell materials are considered, the plots of coulomb
correlation parameter ¢, binding energy E, and inter-
particle distance <reh> present the same shape as for the
second case. A careful study of exciton asymptotic
behavior for large dots allows us to say that in third case,
when R./R; -0, E —0.956 ex. units, and when
R. /Ry =1, E, -1.983 ex. units. While in ultimate
case, when R, /Ry =0, E, = 0.696 ex. units, and when
R. /Ry =1, E, —»4.332 ex. units. The most important
thing that must be reported is that in the two latter cases,
we assist to a giant electron-hole coulomb correlation that
enhances exciton binding energy up to 7.655 ex. units (131
meV) for a 0.34 ex. units (1.68 nm) thick HgS layer which
corresponds to three HgS atomic layers [17].

In Figs. (4.1), (4.2) and (4.3), variations of coulomb
correlation parameter o, binding energy E, and inter-
particle distance <reh> are plotted versus core to shell radii
ratio R, /Ry for weak confinement regime Ry =4 ex.
units (orange lines), intermediate confinement regime
Ry =2 ex. units (blue lines), strong confinement regime
Ry =1 (green lines) and 0.8 ex. units (red lines).
Numerical calculations are performed according the most
sophisticated model which takes into account all effects
involved.

3,0
(4.1)

250 CdS/HgS
@20} N,
c
=1 _ .
g 15 | Rg = 0.8 ex. units
[} _ .
310 =2 ex. units
e
%05

0,0

0,0 0,2 0,4 0,6 0,8 1,0

Rc/Rg

CdS/HgS (4-2)

=
o

| Rg = 0.8 ex. units

[ee]

=2 ex. units

Binding energy (ex. units)
(2]

0,0 0,2 0,4 0,6 0,8 1,0

3,5

CdS/Hgs (4.3)
30Ff

25F =2 ex. units
20r Rg = 0.8 ex. units
15+
10+

0’5 C " 1 " 1 n e

0,0 0,2 0,4 0,6 0,8 1,0

Spatial extension (ex. units)

e

Fig. 4: Variational parameter « (4.1), binding energy

E, (4.2) and spatial extension (I, ) (4.3) against core

to shell radii ratio R. /Ry of an exciton confined in a

CdS/HgS core/shell nanostructure for weak confinement

regime R; =4 ex. units, intermediate confinement

regime Ry =2 ex. units and strong confinement regime
Ry =1 and 0.8 ex. units.

The three curves show clearly the competition
between tridimensional confinement in  spherical
semiconductor quantum dot and bidimensionnal
confinement in spherical thin HgS layer. Indeed, when
R./Rg — 0, core/shell nanostructure is equivalent to

spherical HgS quantum dot. When R./R; —1, core/shell

nanostructure is comparable to spherical CdS quantum dot.
However, for a 0.3 to 0.4 thick HgS layer, core/shell
nanostructure behaves like an HgS quantum well.

4. Conclusion

To summarize, in the framework of the envelope
function approximation, we determined analytically the
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ground state energies and wave functions of an electron
and a hole confined in a CdS/HgS core/shell
nanostructure, as functions of the inner to outer radii ratio.
We showed that electron (hole) energy increase (decrease)
monotonously when core radius increases from 0 to shell
radius. Thus, it is possible to fabricate nanostructures with
an effective band gap engineered in advance. Using the
Ritz variational principle, we determined the ground state
energy and the wave function of an exciton confined in a
core/shell nanostructure. According to core to shell radii
ratio, we highlighted three styles of geometric confinement
where exciton is confined in core, in shell or spatially
separated. We also determined coulomb correlation
parameter, binding energy and spatial extension of the
confined exciton against the inner to outer radii ratio. We
showed that for nanostructures such as the thickness of
spherical HgS layer is about 1.7 nm, we assist to a giant
electron-hole coulomb correlation that enhances exciton
binding energy up to ten times the binding energy in HgS
spherical quantum dots.
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