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Electromagnetic wave propagation through a dielectric
slab placed in a chiral medium using the transfer matrix
technique
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A theoretical investigation of the interaction of electromagnetic waves with a dielectric slab placed in a chiral medium is
presented. From the chiral medium either a left circularly polarized (LCP) wave or a right circularly polarized (RCP) wave is
obliquely incident on the dielectric slab interface placed in the chiral medium. Two waves RCP and LCP are reflected into
the chiral medium and one wave is transmitted into the slab at the first interface. Similarly, Two RCP and LCP waves are
transmitted into chiral medium and one wave is reflected into the slab at the second interface. The reflection and
transmission coefficients at the chiral-dielectric and the dielectric-chiral interfaces have been formulated and obtained
analytically using the transfer matrix technique. Numerical results are presented to explain the effect of the chirality and the
incidence angle on the reflection and transmission coefficients and, hence, on the reflected and the transmitted powers. The
accuracy of the presented formulation and results has been validated by comparison with other results available in the

literature.
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1. Introduction

Electromagnetics and microwave technology is
moving ahead with great pace. One of the frontiers at
which major conquests are being made is that of new
electromagnetic materials like chiral media. In recent
years, chiral materials have attained a lot of attention
because of their synthetic realizability to have flexible
properties such as negative refractive index [1-3]. These
metamaterials, with their permittivity and permeability
designed artificially from negative to positive values, may
exhibit special electromagnetic response that is not
expected in natural materials. These synthesized materials
are suitable to be used in a variety of radio and microwave
devices, such as weakly or strongly reflecting coatings and
polarization converters [3]. In chiral materials, the tiny-
size inclusions do not have a symmetry center. Usually,
they are distributed uniformly and uncontrollably oriented
in an isotropic mass medium. These types of media are
considered isotropic and homogeneous. Such materials are
birefringent since the electromagnetic field in such a
medium consists of two components, namely, left
circularly polarized and right circularly polarized
eigenwave with different directions of rotation and
different wave numbers [4].

Many researchers have studied the interaction of
electromagnetic waves with chiral layers and their possible
structures [5-11]. Reflection and transmission of waves at
a dielectric-chiral interface have been studied by

Silverman [12]. He derived the Fresnel amplitudes for
specular reflection and refraction at the surface of the
chiral medium. Lakhtakia et al. [13] have examined the
microwave reflection characteristics of a planar achiral-
chiral interface. Interaction of electromagnetic waves
through a chiral slab is discussed by Bassiri et al. [14].
They presented an analytical solution to the transmitted
and reflected waves for an incident wave of parallel
polarization. Sabah and Uckun [15] presented the analysis
of the plane wave in a multilayer chiral medium to
determine the plane wave behavior in the multilayer chiral
structure. The electromagnetic wave reflection and
transmission properties at a chiral-dielectric interface were
investigated, also, by Cory et al [16]. Sobia et al. studied
the reflection and transmission of electromagnetic waves
from a uniaxial chiral slab placed in an isotropic chiral
medium [17].

The intense research in chiral materials has
conjectured that the complex properties of these materials
can find growing applications in the microwaves and
higher frequency bands [18]. The study of electromagnetic
waves through a dielectric slab placed in chiral medium
could be of practical importance in remote sensing
diagnosing, in the design of effective electromagnetic
shields, or the in prediction of materials structural
deformation.

In this paper we derived the reflection and
transmission coefficients at a chiral-dielectric and
dielectric-chiral interfaces by the transfer matrix
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technique. The transfer matrix technique is effective for
the analysis of the electromagnetic wave propagation
[19,20] and here it will be applied to analyze the
interaction of electromagnetic waves with an infinite
dielectric slab placed in a chiral medium. The amplitudes
of the waves to the left side of the slab are expressed in
terms of those on the right side. This defines the transfer
matrix M. In a two-dimensional system, the waves in both
the left and the right sides of the slab have four
components, two are moving to the right and two are
moving to the left. Therefore, the transfer matrix M is a
4x4 matrix. The 4 x4 scattering matrix S describes the
outgoing waves in terms of the ingoing waves. The
relationship between the transfer and the scattering
matrices will be introduced. Through the transfer matrix
formalism, the transmission and reflection coefficients can
be easily defined and calculated. Once the transmission
and reflection coefficients are derived, then the study of
the material electromagnetic  properties can be
investigated. To validate the formulation presented in this
paper, we also solved the problem using the method
described in [14]. Both techniques give the same results
which prove the accuracy of the presented formulations.
Analysis has been carried out for different values of
chirality parameters of the chiral medium. Throughout this
analysis, we have assumed that u, =u, =y, and

% = 10 GHz. This analysis will reveal the nature of the

X-axis

4

generated waves inside the chiral medium as compared to
the transmitted and reflected waves in achiral media. The
effect of chirality on the polarization properties of the
electromagnetic waves will be examined as well.

2. Electromagnetic fields in chiral medium

The Constitutive relations for electromagnetic (EM)
fields in chiral medium involve the coupled nature of both
electric and magnetic fields [1-5].

D =¢E +iyB 1)
H=1iyE+ (1/w) B )

These relations are for time-harmonic fields when in a
chiral medium. y is the dimensionless chirality parameter
of the material [18] and e, u are, respectively, are the
permittivity and permeability of the chiral medium. Two
distinct waves propagate in the chiral medium: a left
circularly polarized wave (LCP) and a right circularly
polarized wave (RCP) with the respective wave numbers

hy = wpy + (@pPy? + k)2

hy = —opy + (@*u2y? + k)2

where k? = w?eu.
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Fig. 1. Oblique incidence on an infinite dielectric slab placed in a chiral medium.

Consider a dielectric slab of uniform thickness d
placed in a chiral medium as shown in Fig. 1. The
dielectric slab (&, , 1y) is confined between two infinitely
extended planes, z = 0 and z = d, and lies between two
chiral media with the same constitutive parameters (e, ).
Suppose that (E{, HS) and (E$, HS) represent the incident
right circularly polarized (RCP) wave and left circularly
polarized (LCP) wave respectively. Similarly (E§, HS) and
(E%, HY) represent the reflected right circularly polarized
wave and left circularly polarized wave respectively.
Either LCP or RCP plane waves is incident upon interface
z = 0 from the zone z < 0.

The appropriate form to express the fields in zone
z < 0 is represented by the following components [16]

${ = Ef(cosf,@, + sinb, @, + ie,)elr(zcosfi=xsinf1)
(33)

HS = —iZ 1E¢ (3b)

5 = E5(cos0,8, + sinf e, — i@, )elhz(#cosfi=xsinfy)
(3c)

HS = —iZ 1ES (3d)
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$ = E5(sind,@, — cosf, @, + ie,)e ih(z costi+xsinby)

(3¢)

H§ = —iZ7'E§ (3f)

E§ = E{(sin6,@, — cosb,@, + ie, )ethz(z cosbztx sinfz)
(39)

H§ = —iZ77"E§ (3h)

where Ef and E5 represent the initial amplitudes of the
incident waves, while E§ and Ej are the amplitudes of the
reflected waves. 6, and 6, are the angles of incidence of
the LCP and the RCP plane waves in the chiral medium.

It is assumed that (E¢, HY) and (E¢, HY) represent
the transmitted wave at the first interface and the reflected
wave from the second interface respectively. The
appropriate form of these fields can be expressed by the
following equations

E¢ = [iE, 8, + E, (cos6,2, + sinb,e,)]
eike(zcos0—x sinby) (4a)

HS = \[g[Etll &, — iE; (cos6,@, + sinfie,)]

eikt(zcoset—x sinfy) (4b)
E{ = [iE,, &, + E,|(sin6,&, — cos6,&,)]
eikt(zcoser—x sin6,) (4(;)
HY = ? [iErL é, + E,| (sinf,e, — cos@réx)]
0
eikt(zcoser—x sindy) (4d)

In these equations Ei, ,Ey are amplitudes of the
transmitted fields at the first interface and E,, ,E,| are
amplitudes of the reflected fields at the second
interface. . is the angle of refraction from the first
interface and 0, is the angle of refraction of the LCP and
RCP polarized waves at the second interface, and k? =
w?eyp, with g, , y; are permittivity and permeability of
dielectric slab, respectively. Suppose that (E%, HS) and
(Eg, Hg) represent, respectively, the right circularly
polarized (RCP) wave and the left circularly
polarized(LCP) wave transmitted from the dielectric slab
to the chrial medium at the second interface expressed as
[14]

E: = E7C(C0591éx + sinf, &, + iéy)eihl(z cos01—x sinfy)
(52)

HS = —iZ 'ES (5b)

& = E§(cos0,8, + sind, e, — (e, )elhz(z cosbz=x sinbz)
(5¢)

HS = —iZ 1ES (5d)

3. Derivation of reflection and transmission
coefficient using the transfer matrix
technique

By imposing the continuity of the tangential
components of the electric and magnetic fields at the
interfaces, both in phase and in magnitude, the
transmission and the reflection coefficients at each
interface can be found. From the boundary condition at the
interface, it is inferred that [7]

hlsingl = thlnez = hlsin93 = thln04 =
ktSingt = krSlngr (6)

Eg. (6) is Snell’s law which relates the incidence,
reflection and transmission angles. After applying the
boundary conditions at the interfaces with the use of Eqg.
(6), the relationships among the fields in all regions can be
expressed by the transfer matrices. The boundary
conditions at the first interface give the transfer matrix M

as
|y [
E; Ery
=M 7
LES|™ ™ |E] )
E¢ g, |

where M is a 4x4 transfer matrix which may be defined as
M = AB

In the above equation, matrices A and B are given by

1 -1 1 -1 -t
cosf, cosf, —cosf, —cosf,
| oz z1 z1 z-1

Z7lcosd, —Z 'cosB, —Z lcosh, Z 1cosh,

0 1 0 1
B= cosf; 0 cos6; 0

-1 0 -1 0

n n

0 n7lcosB; o 1 lcos,

The boundary conditions at the second interface give
the scattering matrix S where

[ Z tll] .
|~ [ ®
Ey
and S is a 4x4 transfer matrix defined as
S=CD 9)

In the above equation, matrices C and D are given by
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0 e—ik1d00593 _eihldcosel eihzdcosez
Co C0593e—1k1dc0563 0 Cosglezhldcosel Cosezezhzdcosez
- n—le—ikldcose3 0 —7~1gihidcost; —7~1gihzdcost,
0 _n—lcosg3e—ik1dt‘0593 _Z—lcosgleihldcosel Z—lcosezeihzdwsez
—ethdcosty ghzdcosBy (H§ + HS + H§ + HY) x é, = (HE + HY) x ¢, (13)
COSQleihldcosel Cosezeihzdcosez

_Z—leih1d60591

Z_1C0591€lh1dcosel

{ -I
D= | _Z—leihzdcosaz |
l_ Z—lcosezeihzdcosez J

From above equations, we can get the reflection and the
transmission coefficients in case of oblique incidence in
the following form

(E¢ + Ed) x &, = (ES + E§) x &, (14)

(H + HY) x é, = (HS + HE) x &, (15)

A system of eight inhomogeneous equations with eight
unknowns, E3, EE.,E.. E.,Er,E7 and  Egis

(o c
(Ei) = (Rll Rlz) (Elc) (10) obtained. This system of equations can be written in the
Ej Rz1 Raz) \E3 following matrix form:
C c
GGG W E L,
8 2 22 2 Ef cosB, Ef + cosB,ES
. . . . E -1 -1
The expressions of the elements in matrices of equations Et I Z7E{ +Z7E;
(10) and (11) are omitted for simplification. E“ = y-t|Z7"(cosb, Ef — cosb, Ef)
dl 0
4 Computing the reflection and transmission Eyy 0
coefficients E7 0
| ES | L 0 .
The boundary conditions of the Electromagnetic fields X =y-1z (16)
atinterfacesx = 0, z=0and x = 0,z = d state that
(E§+ES +ES+ES) xé,=(EE+EHxe, (12
where
Y
- —1 1 0 1 0 0 0
cosf; cosb, cosfs 0 cos05 0 0
1 1 1 0 i 0 0
Z A n n
cosb, cosf, cosbs cosfs
— —— 0 — — 0 0 0
= 0 0 0 eikldC0593 e—ikldc0593 0 _eihldcosel eihzdcosﬂz
0 0 —C0593 eikldcoseg 0 00593 e—ikldC0593 Cosgleihldcasﬁl Cosezeihzdcosﬂz
1 i eihldcosel eihzdcosez
0 0 _eik1d00503 0 _e—ikldc0593 _ _
n n A A
0 0 0 cosf; pikidcosts _ cosf; o-ikidcost; 0 B icos@,eth1dcost1  jcosp,eikdcosts
n n A A
The inversion of the Y matrix can be carried out
[ E5 ] [ Ef - E§ 1 numerically. The numerical solution of equation (16),
c - . .
Eq cosf1Ef + cosO,ES enables the direct computations of the transmitted and the
EtII Z7YEf + Z7UES reflected field components in the dielectric slab and the
¥ = | Eex And 7= |Z"1(cos8,ES — cosb,ES) host chiral medium.
Ey) 0
ErJ. 0
ES 0 5. Numerical results and discussions
L E§ | L 0 |

1

where Z = \/%(1 +§y12)_E

In this section, the above procedure is utilized to
investigate the electromagnetic properties of the dielectric
slab of thickness d placed in the chiral medium when the
incident fields from the chiral medium is a right circularly
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polarized or a right circularly polarized plane wave. To
check the accuracy of the formulation and the derived
expressions by the transfer matrix technique, the problem
is, additionally, solved by another technique given in
literature [14]. Both techniques give exactly the same
results. The transmission and reflection coefficients are
calculated as a function of the incidence angle 6, varying
from 0 to 90° (degrees). It is assumed that u = gy, € =
4¢, and %z 10 GHz throughout these computations.

The magnitude of the reflection coefficients as a function
of the incidence angle 6, at y =0.0001 (solid line),
y = 0.001 (dotted line), y = 0.01 (large dashed line), and
y = 0.1 (thick solid line) are shown in Fig. 2 to Fig. 5.
The dielectric slab is of thickness d = 5mm confined
between two chiral media of the same constituents. It is
found that the magnitude of the coefficient R,; increases
as the incidence angle increases. It is also observed that
with the increase in the chirality value, R,, decreases at
lower angle of incidence but increases at greater values of
the angle of incidence. The magnitude of the reflection
coefficient R, decreases with the increase in the angle of
incidence and the increase in chirality causes increase in
values of R;,. The Brewster angle appears at 8, = 76°
when the value of chirality parameter is 0.001. It is
depicted that the increase in the angle of incidence and the
value of chirality cause increase in the intensity of R,;. In
Fig. 5 the reflection coefficient R,, is plotted versus the
angle of incidence and the value of chirality. In this case
the Brewster angle appears at 8, = 65° when value of
chirality parameter is 0.01. The magnitude of various
transmission coefficients as a function of the incidence
angle 6, at y = 0.0001 (solid line), y = 0.001 (dotted
line), y = 0.01 (large dashed line), and y = 0.1 (thick
solid) are shown in Fig. 6 to Fig. 9.

Ri1

Incident Angle &5 (degrees)

Fig. 2. The reflection coefficient R,; versus the angle of

incidence 6, aty = 0.0001 (solid line), y = 0.001

(dotted line), y = 0.01 (large dashed line) and y = 0.1
(thick line).
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Incident Angle S5 (degrees)

Fig. 3. The reflection coefficient Ry, versus the angle of

incidence 6, aty = 0.0001 (solid I ine), y = 0.001

(dotted line), y = 0.01 (large dashed line) and y = 0.1
(thick line).

Incident Angle 55 (degrees)

Fig. 4. The reflection coefficient R,, versus the angle of
incidence 6, aty = 0.0001 (solid line), y = 0.001
(dotted line), y = 0.01 (large dashed line), and
y = 0.1(thick line).
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Incident Angle 5, (degrees)

Fig. 5. The reflection coefficient R,, versus the angle of

incidence 6, aty = 0.0001 (solid line), y = 0.001

(dotted line), y = 0.01 (large dashed line), and y = 0.1
(thick line).

The increase in the value of chirality parameter
reduces the number of lobes in all components of the
transmission coefficients. It is found that the magnitudes
of the copolarized reflection coefficients T;,, T,, increase
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as the incidence angle increases or the chirality parameter
increases. At y = 0.01 (large dashed line), the magnitude
of the copolarized reflection coefficients Ty, T,
increases as the incidence angle increases. The cross
polarized transmission coefficient T;, attains maximum
magnitude at normal incidence and decreases with the
increase of the incidence angle and becomes zero at
0, = 90°. The normalized reflected and transmitted power
densities versus the angle of incidence 6, for different
values of the chirality parameters at y = 0.0001 (solid
line), y = 0.001 (dotted line), y = 0.01 (large dashed
line), and y = 0.1 (thick solid line) are shown in Figures
10 and 11. It is found from calculations that the reflected
power decreases as the incidence angle increases till
0, = 75°. At this angle of incidence, with the chirality
parameter y = 0.001, the Brewster angle achieved. The
reflected power begin to increase after 6, = 75° and
reaches a maximum value at 8, = 90°. Fig. 11 shows that
the normalized transmitted power increase as the incidence
angle increases till 6, = 75°. The transmitted power
begins to decrease after 6, = 75° and gives a minimum
value at 8, = 90° as expected.

1] £y [

Incident Angle S (degrees)

Fig. 6. The transmission coefficient T;; versus the angle
of incidence 8, at y = 0.0001 (solid line), y = 0.001
(dotted line), y = 0.01 (large dashed line), and y =

0.1(thick line).
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Incident Angle S5 (degrees)

Fig. 7. The transmission coefficient T;, versus the angle

of incidence 6, at y = 0.0001 (solid line), y = 0.001

(dotted line), y = 0.01 (large dashed line), and y = 0.1
(thick line).
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Incident Angle S5 (degrees)

Fig. 8. The transmission coefficient T, versus the angle
of incidence 6, aty = 0.0001 (solid line), y = 0.001
(dotted line), y = 0.01(large dashed line), and y =

0.1(thick line).
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Incident Angle S5 (degrees)

Fig. 9. The transmission coefficient T,, versus the angle

of incidence 6, at y = 0.0001 (solid line), y = 0.001

(dotted line), y = 0.01 (large dashed line), andy =
0.1(thick line).

Q iz 40 60 =0

Incident Angle S5 (degrees)

Fig. 10. The comparison of reflected power B, versus the
angle of incidence 8, at y = 0.0001(solid line), y =
0.001 (dot line) ,y = 0.01 (large dashed line),
and y = 0.1(thick line)
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Fig. 11. The Comparison of reflected power P; versus the

angle of incidencef, at y = 0.0001(solid line),y =

0.001 (dot line) ,y = 0.01 (large dashed line),andy =
0.1(thick line).

6. Conclusion

In this research, the electromagnetic property of a
dielectric slab placed in a chiral medium is studied using
the transfer matrix technique. Mathematical formulation
and analysis as well as numerical results for the reflection
and transmission coefficients are presented as functions of
the parameters of the dielectric slab and the host chiral
media so that the behavior of wave propagation from
chiral medium to dielectric medium and from dielectric
medium to medium can be thoughtfully investigated. The
effects of changes in the chirality parameter and the angle
of incidence have been computed. From these results, it is
concluded that the strength of the reflected copplarized
components increase while the strength of reflected cross
polarized components decrease with the increase of the
chirality parameter of host medium. It is also observed that
strength of the transmission coefficients increase with the
increase of the chirality parameter of host medium.
Formulation, analysis, and results presented in this work
should be of potential applications for the design of
microwave and optical devices such as polarization
transformers.
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