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A theoretical investigation has been carried out to analyze the optical focusing electromagnetic field by a Plano convex lens 
place in an isotropic un-magnetized plasma environment.  Derived geometrical optics field is valid everywhere except at 
focal point where it gives infinite value. Singularity of the field at focal point is addressed using Maslov’s method.  The effect 
of the physical parameters such as the plasma electron density, the angle of incidence and the effective collisional 
frequency have been observed to have an evident influence on the levels of the transmitted field-intensities along the focal 
region. The problem discussed in this paper has been, also, solved using Kirchhoff’s approximation and the results of the 
two methods are in a good agreement. 
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1. Introduction 
 
Focusing of electromagnetic waves into dielectric 

media is a subject of considerable current interest due to 
its applications in hyperthermia, microscopy, and optical 
data storage.  During last few decades, considerable effort 
has been put to the study of electromagnetic fields in 
metamaterials [1-3]. It is known that when high velocity 
space vehicles with antennas, as lens antennas for 
example, encounter plasma effect when entering into the 
Earth’s atmosphere. Thus, usually antennas of space 
vehicles are in surface contact with a plasma layer that 
affects the radiation characteristics of such antennas[4, 5]. 
Similarly, the existence of plasma on boundary of targets 
changes the reflected and scattered wave energy.  Such 
type of analysis is very significant to find out the proper 
parameters of the plasma, which affect the reflection, 
absorption, and transmission of the electromagnetic energy 
especially in the study of the interaction of intense 
electromagnetic waves with curved surfaces [6-12]. That is 
basic reason for motivation to consider the problem of 
transmission of electromagnetic waves through a Plano 
convex lens placed in isotropic un magnetized plasma 
environment.  

In this study, transmission of a plane wave through a 
cylindrical Plano convex lens placed in an un-magnetized 
collisional plasma medium is considered. The analysis is 
restricted to a general oblique incidence plane-wave with 
perpendicular polarization. The field transmitted by lens   
is focused at caustic point or focal point. The field at focal 
point is obtained by geometrical optics technique which 
shows singularity at this point [13]. To over come this 
disadvantage of GO Maslov’s method is used to obtained 
analytical field in the caustic region.  According to 

Maslov’s method, the field expression near the caustic can 
be constructed by using the geometrical optics 
information, though we must perform the integration in the 
spectrum domain in order to predict the field in the space 
domain[14-17]. This method has been success-fully 
applied to predict the field in the focal region of focusing 
systems by many researchers [18-21].  

The effects of some physical parameters such as the 
plasma electron density, the angle of incidence and the 
effective collisional frequency on the transmitted field 
intensity distribution by along the focal region in isotropic 
un-magnetized plasma environment  from the cylindrical 
Plano convex lens have been studied. The accuracy of the 
presented formulations has been confirmed by another 
solution using Kirchhoff’s approximation. The time-
harmonicሺ݅߱ݐ) dependence is adopted and suppressed in 
what follows. 

 
 
2. Formulations 
 
Consider a Plano convex lens with aperture diameter a 

and focal length f is placed in un magnetized plasma 
environment as depicted in Fig.1. The plasma medium is 
considered as an un-magnetized, incompressible and 
isotropic medium. The density of the medium is kept 
uniform. The motion of electrons in plasma is only 
considered because mass of ion is much greater as 
compared to the mass of electron (ܯ ب ݉). The surface of 
the Plano convex lens is described by following equation  

 

ߞ ൌ ݃ሺߦሻ ൌ 
ାଵ

݂ െ ଵ
ඥమିଵ

ටߦଶ  ିଵ
ାଵ

݂ଶ           (1) 
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where (ߦ,  are Cartesian co-ordinates, ݊ is the refractive (ߞ
index of dielectric lens and ݂ is the focal length of  the 
lens. The refractive index of collisional homogeneous 
plasma is defined as  
 

݊ ൌ ට1 െ
 ఠ

మ

ሺାఠሻఠ
                                 (2) 

                                                               
where  ߱ is the plasma frequency which satisfy the 
condition of under-dense plasma  ߱ ൏ ߱.                                                                                     
The wave numbers in an un-magnetized plasma media 
is  ݇ ൌ ݊݇. 
 

 
 

Fig. 1. A cylindrical plano convex lens. placed un-
magnetized plasma environment. 

 
Surface of the lens at 0=z  is excited a 

monochromatic electromagnetic wave polarized in the y-
axis obliquely incident with an angle ߠ  in an un-
magnetized collisional plasma layer as  

 
ࡱ   ൌ ݁̂௬ܧ expሾെ݆݇ሺݔ sin ߠ  ݖ cos     ሻሿ            (3)ߠ

                                                                                                       
The wave vector corresponding to the wave refracted 

from the lens is  
 

 ൌ ݊  ට݊ െ ݊ଶ  ݊ଶሺ. ࡺሻࡺ െ ሺ.  (4)       ࡺሻࡺ

 
Where ܑ۾  is wave number of incident wave and ࡺ is 

unit normal to the surface can be written as  
 

ࡺ ൌ െ ᇲሺకሻ
ඥଵାሺᇲሺకሻሻమ ݁̂௫  ଵ

ඥଵାሺᇲሺకሻሻమ ݁̂௭ ൌ െ sin α ݁̂௫ െ
cos α ݁̂௭                                (5) 

 
Thus q can be written as 

 
 ൌ ሺKሺαሻ sin α  ݊sinߠሻ݁̂௫  ሺ݊cosߠ  Kሺαሻ cos                ሻ݁̂௭ߙ

(6) 
 

 
 
 
 

where   Kሺαሻ ൌ ඥ݊ െ ݊ଶ sinଶሺߙ െ ሻߠ െ ݊ cosሺߙ െ  ሻߠ
The GO transmitted field can be written as [16] 
 

௧ࡱ ൌ ௧ࡱ  ቂሺఛሻ
ሺሻ

ቃ
ି

 ݁ሺௌబାఛሻ                      (7)  
 
where ߬ represents the parameter along the ray, ܵ ൌ  ߞ݊
shows the initial value of the function.  ܦሺ߬ሻ represents the 
Jacobian of the transformation from Cartesian coordinates 
to ray coordinates. The Hamilton’s equations for refracted 
field are 
 

ௗ௫
ௗఛ

ൌ ௗ௭     , ࢞ݍ
ௗఛ

ൌ  (8)                         ࢠݍ
 
 

ௗ࢞
ௗఛ

ൌ 0 ,     ௗࢠ
ௗఛ

ൌ 0                         (9) 
 

For   ݔ ൌ ݖ  ,ߦ ൌ ௫ݍ ,ߞ ൌ ௭ݍ  ௫  andݍ ൌ  ௭,  weݍ
obtain initial values for ( ݔ, ,௫ݍ) ሻ  and ݖ  ௭) asݍ
 

ݔ ൌ ߦ   ௫߬                           (10)ݍ
 

ݖ  ൌ ߞ   ௭߬                          (11)ݍ
 

The Jacobian is evaluated as 
ሺ߬ሻܦ ൌ డሺ௫,௭ሻ

డሺక,ఛሻ
ൌ Kሺαሻsecߙ  ݊ሺcosߠ  sinߠTanߙሻ 

݊ KሺαሻP߬/ඥ݊ െ ݊ଶ sinଶሺߙ െ                      ሻ                              (12)ߠ
                    

ሺ߬ሻܬ ൌ 1     ሺሻఛ

൫ሺሻୱୣୡఈାሺୡ୭ୱఏబାୱ୧୬ఏబୟ୬ఈሻ൯ටିమ ୱ୧୬మሺఈିఏబሻ
          

                                                                                        (13)           

where  P ൌ
ሺషభሻ

య
మ

√శభ 
మ

ሺ మకమାሺିଵሻమమሻටకమାషభ
శభమ 

. 

It is observed that the GO field becomes infinity at the 
Caustic points as is expected when ܬሺ߬ሻ ൌ 0. We can 
derive the expression which is valid at the focal point 
using the Maslov’s method. The exact location of focal or 
caustic point may also be obtained at ܬሺ߬ሻ ൌ 0. By using 
Maslov’s method the focal regions a valid field expression 
is as [14-17] 

 

Eሺrሻ ൌ ට ୩
୨ଶ  ቂሺఛሻ

ሺሻ
பሺ୯౮ሻ
பሺ୶ሻ

ቃ
ିభ

మ expሼെjkሾS  ߬ െஶ
ିஶ

          (14)                                                 ݔݍdݔݔݍݔݍ zሻ,ݔݍሺݔ
                                         
The integrand and phase functions of the integral for the 
transmitted fields from lens into plasma material are 
obtained, respectively, as    
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ሺఛሻ
ሺሻ

ப୯౮
ப୶

ൌ ଵ
ሺሻ

பሺ୯౮,௭ሻ
பሺక,ఛሻ

ൌ
ሺሻ ୡ௦ఈሺሺሻୡ௦ఈାୡ୭ୱఏబሻሺୡ௦ఈටସାସ మ ୱ୧୬మሺఈିఏబሻାଶ ୱ୧୬ఈ ୱ୧୬ሺఈିఏబሻሻ

ଶሺିమ ୱ୧୬మሺఈିఏబሻሻ
                 (15)  

 
 

                 S=ܵ  ߬ െ ,ሺxݔ ௫ݍ௭ሻݍ     ݔ௫ݍ
       S=݊ߞ െ ௫ߦ െ ௭ݍߞ   ݔ௫ݍ       (16)                   ݖ௭ݍ

 
where  ߦ ൌ ሺିଵሻ ୲ୟ୬ ఈ

ඥଵିሺమିଵሻ ୲ୟ୬మ ఈ
ߞ , ൌ െ tan ݔ ,ߙ ൌ  and   ߙcosݎ

ݖ ൌ   .ߙsinݎ

By  using equations (14) and (15) into (13) and 
changing the variable  ݍ௫ to ߙ, given in (9), yields the final 
finite transmitted field expression valid along focal region 
as                    

  
                    

ாሺ௫,௭ሻ

ா
ൌ ට 

ଶగ  ଶ୬ୡ୭ୱఈ

୬ୡ୭ୱఈାටି୬మୱ୧୬మఈ
ටିమ ୱ୧୬మ ఈ

  ୡ୭ୱ ఈ
డೣ
డఈ

ఛ
ଶൗ

ିఛ
ଶൗ ݁బሺିకೣିାೣ௫ ା௭ሻ݀(17)             ߙ  

 
   

 
3. Huygens-Kirchhoff’s principle 
 
       To validate the formulation derived in the 

preceding section, the fields are obtained using the 
following formula implied by Huygens-Kirchhoff’s 
principle [16] 

 

,ݔሺܧ ሻݖ ൌ ଵ
ସగ  షೕ ೃ

ோ
,ߦሺܧ ሻߞ expሺെjkܵሻ dߦஶ

ିஶ       (18) 
 
where     Rൌ q୶ሺݔ െ ሻߦ  qሺݖ െ ሻߦ ൌ ඥሺݔ െ ሻଶߦ  ݂ଶ  

and   ܧሺߦ, ሻߞ ൌ భିܬ
మ. 

 
Therefore                                           

,ݔሺܧ   ሻݖ ൌ ଵ
ସగ  షభ

మ

ோ
/ଶ

ି/ଶ ൈ ሾെ݆݇ሺܵݔ݁  ܴሻሿd(19)       ߦ              
 
 

4. Results and discussion  
 
The transmitted electromagnetic waves due to a 

perpendicularly polarized obliquely incident plane wave 
on a cylindrical Plano convex lens place in isotropic an un-
magnetized collisional plasma environment are depicted in 
this section. The frequency of the incident electromagnetic 
wave is taken in the microwave region. First, the results 
are compared with the Huygens-Kirchhoff approximation 
to check the correctness of the developed analytical 
formulations. Fig. 2 shows the comparison of the 
numerical results using Maslov’s method (solid line) and 
using Kirchhoff’s approximation (dashed line) which 
confirms that the agreement is good.  

 

 
 

Fig. 2. The normalized filed intensity by Maslov’s method 
(solid line) and by Kirchhoff’s Principle (dashed line). 

 
Figs. 3-5 demonstrate, respectively, the effects of the 

plasma electron density, the angle of incidence, and the 
effective collisional frequency on the transmitted field 
distribution from Plano convex lens in the un-magnetized 
collisional plasma environment. Fig. 3(a)-3(b) show the 
transmitted field intensity versus ݇ݔ  and ݇ݖ, respectively 
for different values of the plasma electron density. These 
figures have been plotted for a constant focal length of the 
lens  ݂݇ ൌ 200, length of aperture diameter  of   ݇ܽ ൌ 80, 
an incident-wave frequency ߱ ൌ  1.5708 ൈ 10଼Hz, 
effective collisional frequency ܸ ൌ  6 ൈ 10ଽHz, and   
ߠ  ൌ 1 degree. It is clearly observed that if the electron 
density of the plasma layer increases then the value of the 
transmitted field intensity decreases along both axes and 
the location of the maximum transmitted field intensity 
slightly shifts away from the lens along the z-axis. At the 
values of the plasma electron density greater than                
 ݊ ൌ  1 ൈ 10ଵଵ ݉ିଷ, the field intensity pattern-symmetry 
around the maximum point along the z-axis is begin. 
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Fig. 3. The transmitted filed intensity distribution for different values of  the plasma  electron  density (a) along the x-axis (b) 

along the z-axis. 
 

Fig. 4(a)-4(b) shows the transmitted field intensity 
versus ݇ݔ and ݇ݖ, respectively, for different values of the 
angle of incidence ߠ of the incoming wave. The other 
parameters are; constant focal length of the lens  ݂݇ ൌ
200, length of aperture diameter  of   ݇ܽ ൌ 80, an 
incident-wave frequency ߱ ൌ  1.5708 ൈ 10଼Hz, effective 
collisional frequency ܸ ൌ  6 ൈ 10ଽHz, and ݊ ൌ  1 ൈ
10ଵଵ ݉ିଷ. It is noted that, if the incoming-wave angle of 

incidence ߠ increases, the value of the transmitted field 
intensity increases  along x-axis and the location of the 
maximum transmitted field intensity shifts slightly 
downward along the x-axis and slightly  shift occur in the 
z-axis toward lens curved surface. The field intensity 
pattern is more sharp and symmetric at higher values of 
the incidence angle along z-axis.   

 

       
Fig.4. The transmitted field intensity distribution for different  values  of the incoming-wave incident angle (a) along the x-axis 

(b) along the z-axis. 
  

Fig. 5(a)-5(b) shows the transmitted field intensity 
versus ݇ݔ and ݇ݖ, respectively, for different values of the 
effective collisional frequency V. The other parameters 
are; constant focal length of the lens  ݂݇ ൌ 200, length of 
aperture diameter  of   ݇ܽ ൌ 80, an incident-wave 

frequency ߱ ൌ  1.5708 ൈ 10଼Hz, ߠ ൌ 1 degree and ݊ ൌ
 1 ൈ 10ଵଵ ݉ିଷ. If the effective collisional frequency V 
increases, the value of the transmitted field intensity 
increases along both axes.  

 

             
Fig.5. The transmitted field intensity distribution for different values of the effective collisional frequency (a) along the x-axis (b) 

along the z-axis. 
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5. Conclusions 
 
This paper presents theoretical analyses of the 

electromagnetic fields in the focal region of a Plano 
convex lens placed in an un-magnetized collisional plasma 
environment under a general oblique perpendicular 
polarized wave incidence. Accurate analytical expressions 
for the field intensity distributions along the focal line 
were derived using Maslov’s method, which is an efficient 
procedure based on the asymptotic ray theory (ART) and 
the Fourier transform method. The transmitted fields into 
the collisional plasma material were found to be in a fairly 
good agreement to those obtained using Kirchhoff’s 
approximation. The effects of the plasma electron density, 
the angle of incidence of the incoming-wave, and the 
effective collisional frequency on the transmitted 
distributions were examined. The focal point is displaced 
slightly away from the lens curved surface along the z-axis 
at higher values of the plasma electron density and toward 
downward along the x-axis at higher values of the angle of 
incidence of the incoming-wave. The field intensity 
increases with the increase of the effective collisional 
frequency or the plasma electron density along both axes 
while with the increase of the incidence angle the field 
intensity increases along x- axis.  
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