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1. Introduction

Optical solitons is one of the major areas of research
in the field of optoelectronics and nonlinear optics [1-
25]. There has been an overwhelming number of results
that are reported so far in this field. Integrability aspects,
perturbation theory, experimental results and other
engineering aspects are common grounds of study in this
context. The most common types of nonlinear media that
are addressed in this context are non-Kerr law and there
are various types of such nonlinear forms. It is about
time to change gear and focus on another form of
nonlinearity. This is the quadratic nonlinear media. The
integrability aspect will be the focus of this paper with
an aim to extract bright, dark and singular 1-soliton
solution.

With quadratic nonlinearity, the second harmonic
generation (SHG) represents the nonlinear effect. The
pump wave at fundamental harmonic (FH) generates the
second harmonic (SH). SHG is derivable from
Maxwell's equation with quadratic nonlinearity.
Applicability of solitons in quadratic nonlinear media is
wide ranged. It is applicable in optical routing and
switching along with quadratic nonlinear crystals. In
fact, optical solitons with quadratic nonlinearity has also
been experimentally observed [24].

2. Governing equation

For quadratic nonlinear media, with inter-modal
dispersion (IMD) and spatio-temporal dispersion (STD) is
givenby )

iq +a0, +hq, +ca+kg*r=iog, @

ir +a,r, +hr +cr+kg’=ia,r, (2)

Here, q(x, t) and r(x, t) represents the wave profile of the
FH and SH components respectively. The independent
variables are x and t that are spatial and temporal variables.
The coefficients of group velocity dispersion (GVD) terms
are al with I = 1; 2 for the two components. Then, the
coefficients of STD are b;. The coefficients of the quadratic
nonlinear terms are k; while the IMD terms are on the right
hand sides of the two components and are given by the
coefficients of oy. It was pointed out during 2011 that the
inclusion of the STD makes the governing NLSE well-posed
as opposed to the consideration of GVD alone, in which
case, the model problem stays ill-posed [15, 18]. The first
term for both components is the linear evolution.

There has been a lot of studies carried out in the past on
quadratic nonlinear media and consequently lots of results
are reported during the past couple of decades [1-5, 7-13,
22-25]. Very recently, exact bright and singular 1-soliton
solution was obtained for quadratic nonlinear media in
presence of GVD only and also without IMD [1]. This paper
is thus and extension and generalization of these earlier
reports. The ansatz approach will be the integration tool
adopted in this paper. Bright, dark and singular solitons will
be obtained in this paper along with several constraint
conditions that must hold for the solitons to exist.
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3. Soliton solutions

In order to proceed with the ansatz approach, the
method is first described in its simplest form. First a
solution guess is made for bright, dark and singular
soliton. This guess is subsequently substituted into the
governing equation and the results fall out. The
constraint conditions and other integrability conditions
are natural consequences during the process. Therefore
the starting hypothesis is [1, 19-21]

q(x,t) = P,(x,t)e"**" ®)
r(x,t) =P, (x,t)e?**? @)

where P (X,t) (I = 1, 2) represents the amplitude

component of the soliton and ¢(X,t) gives the phase
component with

(X, t)=—Kx+ot+06 (5)

Here, k is the soliton frequency, o is the wave number
and 6 is the phase constant. Substituting (3), (4) and (5)
into (1) and (2) and decomposing into real and
imaginary parts gives

2 o°R
P(o+ax —bcho+a1K—Cl)—a1F—
X
o°P,
_b1 axa; _k1P1P2 =0 (6)

and

_2ax-bo+a,

bx-1 )

respectively, from the first component, where v is the
speed of the soliton. From the second component, one
recovers

2
P,(2o+4a,x* —4b,k o+ 20,k —C,) —a, % -
X
0°P,
—b, _axa; -k,P*=0 (8)

and
Ve 4a,x - 2b,0+a,

9
2b, k-1 ©)

Equating the speed of the solitons of the two
components from (7) and (9) gives

4](2 (a1b2 - azbl) + K{Z(lez - (x’zbl - Z(a'l - 2a2 )}
+a(b, —2b,) +(a, —a,) =0 (10)

Setting the coefficients of independent parameters ®
and « leads to

b, =2b, (11)
a, =a, (12)
a, =2a, (13)
Therefore, it makes sense to define
b,=2b and b,=b (14)
o, =0, =a (15)
a=2a and a,=a (16)

Consequently, speed of the solitons for both

components reduce to

_dak—2bo+a

17
2bk -1 @7
Also, real part components modify to
2
P,(0+ax® — 2bko+ ou<—cl)—2aa F:l -
2
2% pp -0 )
and
2 o°R,
P,(2o+4ax’ —4bko+ 20k —C,) —a—-—
X
0°P,
-b—L-k,P’=0 19
oot 49

respectively. Additionally, the governing model equations
(1) and (2) simplify to

ig, +2aq,, +2bq, +c,q+kq*r=ioq, (20)
ir, +ar,+br, +c,r+kq’ =iar, (21)

These equations will now be analytically solved for
bright, dark and singular soliton in the following three
subsections based on the preliminary analysis that is carried
out so far.

3.1 Bright solitons

For bright solitons, the following hypothesis is selected
[1, 19-21]

P =AsechPr (22)
for 1 =1, 2 where

7=B(Xx—w) (23)
Here A, are the amplitudes of the solitons in the two
components and B is the inverse width of these solitons. The

values of the unknown exponents p, will be determined.
Substituting (22) into (18) and (19) leads to
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2B%p, (p, +1)(bv—a)sech’z + k, A sech* 7 +
+{w(2bk —1) — 2ax* +c, — oK —
—-2p/B*(bv-a)}=0 (24)
and
AB?p, (p, +1)(bv —a)sech ™**z + k, A’sech 7 +
+ A {2w(2bk —1) — 4ax® + ¢, — 200 —
—2p;B*(bv—a)}sech™7 =0 (25)

respectively. Next, balancing principle yields

p=p, =2 (26)

From (24), setting the coefficients of linearly
independent functions to zero implies
2_
_12aB’ —k,A, @7)
12bB*
and
2_ f—
_ 6bax® —3c, +3ax 2k A, 28)

3(2bx —1)

Similarly, from (25), setting the coefficients of the
linearly independent functions give

V= M (29)
6bA,B
and

o 128AK* ~3,A, +6axA, —2k, A’ 30)
6A, (2bk —1)

Equating the speed of the solitons from (27) and (29)
leads to the ratio of the amplitudes being given by

Ak (31)
A V2k,
with the constraint
kk, >0 (32)

Next, equating the wave numbers from (28) and (30)
leads to

c,—2C

-2~ 33
A= e (33)

and
A = c, ;Zc1 (34)

1

after implementing (31). Finally, equating the speed of
the solitons from (17) and (27) yields

c, —2¢

_ 2bk -1 : : (35)
2 3ba +3a + 2b°c, —4b’c,

that poses the constraint condition

(c, —2c,)(3bo + 3a + 2b*c, —4b’c,) >0 (36)

that must remain valid in order for bright solitons to exist.
Incidentally, upon equating the speed of the solitons from
(17) and (29) also leads to same width of the soliton given
by (35). Finally, bright 1-soliton solutions for the two
components are

q(x,t) = Asech?[B(x-vt)]e' " @37)
r(x,t) = Asech?[B(x-t)|e* (38)

3.2 Dark solitons

For dark soliton solution, the starting hypothesis is
given by [13]

P=A+Btanh"¢ (39)

for | = 1. 2. Here A, B, and B are free parameters. The
definition of where t is given by (23). Substituting this
hypothesis into (18) and (19) reduces them to

p, (p, +1)(a—bv)B,B*tanh™**z —
—{B,(0+2ax’ —2bxw+ax —C,) +
+4(a-bv)p’B,B* —k B,AJtanh™r +
+2p, (p, —1)(a—bv)B,B*tanh™*z +
+k,A B,tanh*7+k B, B,tanh™ "7 —

17172

- A(o+2ak* - 2bko+ak—c, -k A)=0

(40)

and
p, (p, +1)(a—bv)B,B*tanh*"?*z —
—{B, (20 + 4ak’ — dbk o+ 20k —C,) +
+2(a-bv)p:,B,B*}Hanh™ 7 +
+p, (p, ~1)(a—bv)B,B*tanh™ 7 +
+k,B’tanh ¢ —
— A, (20 +4ax’ —4bxo+ 2ax — ¢, —k,A?) =0

(41)

Balancing principle again yields (26). The coefficients

of linearly independent functions yield
_12aB" +k,B, (42)
12bB*

and

o_3Bi(2ax’ +ax—c) -k (4BB, +3BA +3AB,) o
3B, (2bk 1)

from the first component (40). The coefficients of linearly
independent functions from second component (41) gives

,_ 6aB,B’ +k.B

44
6bB, B> (44)

and
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,_ 3B.(dax’ + 20k —c,) 2, (2B, +3A )

6B, (20 —1) (49)

Next equating the speed of dark solitons from (42) and
(44) leads to the ratio of free parameters B, for | = 1, 2 as

b (46)

which again prompts the constraint given by (32). Next,
setting the wave numbers, from (43) and (45), equal to
one another vyields the algebraic relation between the
free parameters as
3B,B,(2c, —c, +2k,A,) —4k,B’ —6Ak,B’ + 47)
+8k,B,B? +6k,AB: =0

Now, equating the speed of the soliton from (17) and
(42) leads to the free parameter B as

_ 2
1 k,B, (Z?K 1 (48)
2| 3(2abk — 2b*w+ba. +a)

that introduces the constraint condition

k.B, (2bk —1)(2abk — 2b’w+bo+a) >0 (49)

Similary equating the speed of the soliton from (17)
and (44) also yields (48) and hence (49).

Now, substituting the wave number o from (43) into
(48) gives

2bx -1
= X
2

B

kl BlBZ E
3B, (2b’c, —a—ab) +2k,b*(4B,B, +3B A, +3A B,)
(50)
with the constraint
k,B,B,{3B,(2b’c, —a—ab) +

(51)
+2kb?(4B,B, +3B,A +3A B,)}>0

From real part equations (40) and (41) subtracting
the constant terms leads to

2WbB?(B, — B,) + o(2bk —1)(A —2A)—

—2ai* (A —2A)—ax(A —2A)+

+{2aB*(2B, - B,)+c,A —C,A +k AA —k,A}=0
(52)

This leads to the conclusion, from the coefficients of
independent parameters, and after implementing (46)
and (47)

A=2A =22 (53)

and

3(02 _ 2C1)

B, =28, ==

(54)

where
2k =k, =2k (55)

1 2

Hence, for dark 1-soliton NLSE with quadratic nonlinearity,
the model equations (20) and (21) further simplify to

ig, +2aq,, +2bg, +cq+kg*r=ioq, (56)
ir +ar, +br, +c,r+2kq’ =iar, (57)

whose dark 1-soliton solution is:

q(x,t) = (A + B tanh?7)e' ™ (58)

r(x,t) = (A + B tanh?7) g’ (59)

where the free parameters, speed and wave numbers are
explicitly determined.

3.3 Singular solitons

For singular solitons, the starting hypothesis is [1, 19-
21]
R =Acsch?r (60)

for | = 1, 2. For singular solitons, A, and B are still free
parameters as in dark optical solitons. In this case,
substituting (60) into (18) and (19) simplifies them to

ZBZ(a_bV) p1 (p1 +1)CSCh P1+ZT + klAZCSCh p1+Pz,L.+
+{(o(2bk —1) - 2aK* —ouc + ¢, )}csch ™z +
+2B*(a~bv)p,csch”z =0 (61)

and
2A,B*(a-bv)p, (p, +csch™?z +k,A’csch ™7 +
+{(2w(2bx —1) —4ax® — 2ax +¢,)}csch ™ +
+B*(a-bv)p,csch®z =0 (62)

respectively. Balancing principle again yields (26). Then,
from the coefficients of the linearly independent functions
(61) and (62) gives

,_ 12887 +kA

63
12bB? (63)
2 —

_ Bax” —3c, +3ax + 2k A, (64)

3(2bk-1)

and

V:6aAzB +k,A (65)

6bA B?
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