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In this paper, wave propagation in two-layered anisotropic media when uniaxially anisotropic medium has its optic axis 
oriented vertically and tilted around z-axis has been investigated. The Fresnel coefficients are derived for horizontally and 
vertically polarized incident waves with arbitrary incident angles. The contribution of the cross polarized components of the 
reflected and transmitted waves due to anisotropic- isotropic or isotropic-anisotropic interfaces have been analyzed. The 
numerical results for the Fresnel coefficients have been presented. The results of this work can be used in calculation of the 
electric and magnetic fields in radiation and scattering problems.    
 
(Received July 28, 2010; accepted August 12, 2010) 
 
Keywords: Anisotropic, Uniaxial, layered, Optic axis, Cross polarization 
 
  
 

1. Introduction 
 
Recent advances in microwave devices increased the 

significance of the material properties in the design of 
high frequency devices.  The material characteristics are 
very important in the development of high performance 
devices at the microwave ranges. Material characteristics 
can be best understood by the analysis of the wave 
propagation inside these materials.  One of the material 
types that have been very attractive for high frequency 
applications is the anisotropic type material. Anisotropic 
materials have been widely used in radiation, scattering 
and remote sensing problems [1-11] due to their several 
advantages. The anisotropic behavior of the material can 
be used as a design knob to adjust critical parameters since 
electric field vector is no longer always parallel with the 
electric flux density for this type of medium.  

Anisotropic medium can be classified based on its 
permittivity or permeability tensor. Uniaxially anisotropic 
medium with its optic axis oriented vertically, i.e. oriented 
in z-direction, is defined with the following permittivity 
tensor 
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When the optic axis of the medium is tilted around z-

axis by an angle ψ, its permittivity tensor takes the 
following form 
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Fig.1. Geometry of the anisotropic medium. 
 

 
Fig. 2 illustrates the wave propagation through two-

layered anisotropic media for vertically or horizontally 
polarized waves. Horizontally polarized waves are TE 
waves which are perpendicular to the plane formed by the 
wave normal and the wave vector in the isotropic medium. 
Vertically polarized waves propagate parallel to this plane.  
The transmitted wave in anisotropic region is an 

 o ordinary wave−  if the incident wave from isotropic 
region is TE wave, and  e extraordinary wave−  if the 
incident wave is TM wave. The transmitted or the 
reflected waves in the isotropic region can be TE wave or 
TM wave based on the incident wave and can have cross 
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polarized component if the optic axis of the anisotropic 
medium is tilted. 

In this paper, the analysis of the wave propagation in 
a two-layered anisotropic media will be given starting 
from the single layered case when the anisotropic medium 
has its optic axis oriented vertically and then tilted around 
one of its axis. The numerical results illustrating the 
contribution of the cross polarized wave due to tilted optic 
axis will be presented for isotropic-anisotropic interface. 
The refection and transmission coefficients for the layered 
structure will be derived using half-space reflection 
coefficients. Practical application example will be 
presented using our results.  
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Fig 2. Wave propagation in two-layered anisotropic media 
 

 
2. Wave propagation in a single layered  
     anisotropic media – vertically uniaxial case 
 
In this section, the analysis of the wave propagation 

for a single layer anisotropic media shown in Fig. 3 is 
described. The anisotropic layer is considered to be 
uniaxially anisotropic medium with its optic axis oriented 
in z-direction (vertically uniaxial case). The wave is 
incident from isotropic region designated by Region 0 to 
uniaxially anisotropic region designated by Region 1. The 
incident wave in isotropic region can be either a 
horizontally polarized wave (TE wave) or vertically 
polarized wave (TM wave). The transmitted wave in 
anisotropic region is an  o ordinary wave−  if the 
incident wave is TE wave and  e exraordinary wave−   if 
the incident wave is TM wave. The reflected wave in 
isotropic region is a horizontally polarized wave when 
incident wave is TE wave and vertically polarized wave 
when incident wave is TM wave.  Two vectors, 

( )0 0
ˆ

zh k± and  ( )0ˆ zv k± , represent the unit vectors for 
horizontally polarized (TE) and vertically polarized waves 
(TM) in isotropic region, respectively.  Unit vectors  

1ˆ( )o
zo k−  and  1ˆ( )ed

ze k  represent the downward propagating 
ordinary and extraordinary waves that exist in a vertically 
uniaxial anisotropic medium. The unit vectors  are defined 
as  
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Fig. 3 Reflection and transmission of waves in single-layered 
anisotropic slab. 
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The wave vectors showing the direction of wave 
propagation are defined as  
 

0 0ˆk k zkρ= +                                    (9) 

 0 0ˆk zkρκ = −                                  (10) 

 
ˆ ˆx yk xk ykρ = +                                (11)      

 
  1 1ˆo o

zk k zkρ= +                               (12) 

1 1
o

zk k zρκ = − o )                                 (13) 

 

1 1ˆe eu
zk k zkρ= +                 (14) 

 

1 1
e ed

zk k zρκ = + )                               (15) 

 
 1 1

e
uk kε= ⋅                                    (16)  

 

1 1
e

uκ ε κ= ⋅                                   (17) 
 

The wave numbers are found from the dispersion 
relations as 
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2.1 Case 1 – TE Wave Incidence 
 
When the incident wave from Region 0 is TE wave, 

the electric field vector can be represented as 
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The first subscript shows the wave type (incident, 

reflected, or transmitted) whereas the second subscript 
shows the region. 01HHR  is the reflection coefficient when 
incident and reflected waves are both horizontally 
polarized. HoT  is the transmission coefficient when 
incident wave is horizontally polarized and transmitted 
wave is an ordinary wave The reflection and transmission 
coefficients, Fresnel coefficients, are found using 
boundary conditions at  0z =  as described in the 
previous section. Application of boundary conditions at 

0z =  gives following equations  
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Substituting  (22),(23),(24), and (27) into (25) and (26) 
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2.2 Case II – TM Wave Incidence 
 
Now, assume that the incident wave from Region 0 is 

TM wave. Then, the field vectors in each region can be 
expressed as 
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01VVR  is the reflection coefficient when incident and 

reflected waves are both vertically polarized. VeT  is the 
transmission coefficient when incident wave is vertically 
polarized and transmitted wave is an extraordinary wave. 
Repeating the same procedure outlined in Section II.A, we 
can find the reflection and transmission coefficients  for 
TM wave incidence as 
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2.3 Numerical Example 
 
The Fresnel coefficients derived for the single layer 

uniaxially anisotropic medium with a vertically oriented 
optic axis are numerically calculated for Taconic TLY-5A 
material and illustrated in Fig. 4. TLY-5A is a negatively 
uniaxial anisotropic medium with a dissipation factor of 
0.0014 in (x, y)-direction and 0.00066 in z-direction at 
10GHz. The observation angle is taken to be φ = 45°. The 
Brewster angle is numerically calculated to be 56.96°.The 
theoretical value of the Brewster angle is found from    
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This value matches with the angle shown in Fig. 4. As 

it is illustrated in the figure, there is no cross polarized 
term. This is due to the vertically oriented optic axis.  
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Fig. 4  Fresnel coefficients for single layer uniaxially 

anisotropic medium with a vertically oriented optic axis. 
 
 

3. Wave propagation in a single layered     
    anisotropic media – uniaxial case with 

tilted  
    optic axis  
 
The cross polarization effect due to isotropic-

anisotropic interface can be obtained if the optic axis of 
the uniaxially anisotropic medium is tilted around one of 
its optic axis. Cross polarization effect is very important in 
radiation and wave scattering problem and can be used as 
an design knob. The geometry of the uniaxial anisotropic 
medium when its optic axis is tilted around z-axis by angle 
ψ  is shown in Fig. 1. The permittivity tensor of the 
anisotropic medium with tilted optic axis is given by 
equation (2). 

 
3.1 Case 1 – TE Wave Incidence 
  
The geometry of the problem is given in Fig. 5. Fig. 5 

shows the wave vectors for the single layer structure when 
the incident wave is horizontally polarized.  Upon 
reflection from the isotropic-anisotropic interface the 
reflected wave in Region 0 will have the cross polarized 
component 01HVR . 
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Fig. 5 Reflection and transmission of TE waves in single-
layered  anisotropic  slab  with  a  tilted optic axis in one  

                                      direction. 
The first subscript of the cross polarized component 

represents the polarization of the incident wave whereas 
the second subscript represents the polarization of the 
reflected wave. The transmitted wave also has the cross 
polarized component due to tilted optic axis.  HeT  is the 
transmitted cross polarized component and represents the 
transmitted extraordinary wave when the incident wave is 
TE wave. Hence, the field vectors in each region can be 
expressed as 

 

( ) ( )
,0 0 0

ˆ oi r i t
i zE h k e eκ ω⋅ −= −   (36) 

 
( ) ( )( ) ( )

,0 0 0 01 0 0 01
ˆ ˆo oi k r i k r i t

r z HH z HVE h k R e v k R e e ω⋅ ⋅ −⎡ ⎤= +⎣ ⎦
(37

) 
 

( ) ( )1 1( ) ( )
,1 1 1ˆ ˆ

o ei r i ro ed i t
t z Ho z HoE o k T e e k T e eκ κ ω⋅ ⋅ −⎡ ⎤= − +⎣ ⎦

  (38) 

 
Application of the boundary conditions given by (25)-

(26) gives the refection and transmission coefficients as  
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3.2 Case I1 – TM Wave Incidence 
 
Fig. 6 illustrates the single layer structure when the 

incident wave is vertically polarized. The incident electric 
field vector can be written as 
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The reflected wave with the cross polarized term is 

01VHR  is      
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01VHR  indicates that the incident wave is vertically 
polarized or  TM wave, and the reflected wave is 
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horizontally polarized or TE wave. The transmitted wave 
in Region 1 can be expressed as  
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VoT   and VeT  are the transmission coefficients when the 
incident wave is TM wave and transmitted wave ordinary 
wave or extraordinary wave, respectively. The reflection 
and transmission coefficients are found using boundary 
conditions as described before and given as  
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The coefficients ,d dα β , and dλ  are given by 
equations (43)-(45). 

 
3.3 Numerical Example 
 
The Fresnel coefficients derived for the single layer 

vertically uniaxial anisotropic medium with a tilted optic 
axis are numerically calculated for Taconic TLY-5A 
material and illustrated in Fig. 6. Material properties of 
Taconic TLY-5A have been given in Section IIC. As 
illustrated, the cross polarization components exist 
because of the isotropic-anisotropic interface with the 
existence of the tilted optic axis. The magnitude of the 
cross polarized components varies with the tilt angle and 
observation angle. The cross polarized terms are very 
important due to their contribution on the electric and 
magnetic field intensities in radiation and scattering 
problems.   

 

 
 

Fig. 6  Fresnel coefficients for single layer uniaxially 
anisotropic medium with a tilted optic axis 

 
4. Wave propgagation in two-layered  
    anisotropic media  – vertically uniaxial case 
  
In this section, wave propagation for two-layered 

anisotropic media when the incident wave is TE or TM 
polarized is analyzed.  

 
4.1 Case 1 – TE Wave Incidence 
 
The geometry of the problem is shown in Fig. 7. The 

uniaxially anisotropic medium is assumed to have its optic 
axis oriented in the z-direction.  
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Fig. 7. Reflection and transmission of TE waves in two-layered 
anisotropic structure. 

 
 

The electric field vector in Region 0 is expressed as  
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The reflected wave in Region 0 is also a horizontally 

polarized wave. HR  is the reflection coefficient which has 
the reflected wave components from isotropic-anisotropic 
interface and anisotropic-isotropic interface when incident 
wave is horizontally polarized. The transmitted wave in 
Region 1 is expressed as  
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1HoT is the transmission coefficient for the downward 

propagating ordinary wave and 2HoT  is transmission 
coefficient for upward propagating ordinary wave. In 
Region 2, there is only downward propagating wave 
which is horizontally polarized. The field vector in  
Region 2 can be expressed as 
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2HT  is the transmission coefficient in Region 2 when the 
incident wave in Region 0 is a horizontally polarized wave 
. The Fresnel coefficients 1 2, ,H Ho HoR T T and 2HT  are 
found by using the following boundary conditions at  

0,z d= −  
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The Fresnel coefficients after application of the 
boundary conditions (56)-(59) to field vectors are found as  
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The unit vectors, in each region are defined as  
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where the wave vectors and dispersion relations are given 
as 
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4.2 Case I1 – TM Wave Incidence 
 
Now, assume that the incident wave in Region 0 is 

TM wave for the layered structure shown in Fig. 8. The 
field vectors in Region 0, 1, and 2 can be expressed as 

 

( ) ( )( ) ( )
0 0 0 0 0ˆ ˆo oi r i k r i t

z z VE v k e v k R e eκ ω⋅ ⋅ −⎡ ⎤= − +⎣ ⎦    (77) 

 

( ) ( )1 1( ) ( )
1 1 1 1 2ˆ ˆ

e ei r i k red eu i t
z Ve z VeE e k T e e k T e eκ ω⋅ ⋅ −⎡ ⎤= +⎣ ⎦

 (78) 

 

( ) 2( )
2 2 2 2ˆ

oi ro i t
z VE v k T e eκ ω⋅ −⎡ ⎤= −⎣ ⎦

     (79) 

 
z

x0,μ ε

1
,μ ε

( )1ˆ ed
ze k

( )0 0ˆ zv k−

0κ 0k

1
eκ

1
ek

1

1 1

1

0 0

0 0
0 0 z

ε

ε ε
ε

⎡ ⎤
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎣ ⎦

2,μ ε
2
oκ

( )0 0ˆ zv k

( )2 0ˆ zv k−

( )1ˆ eu
ze k

0z =

z d= −

 
 

Fig. 8 Reflection and transmission of TM waves in two-
layered anisotropic structure. 

 
 

  The reflection and transmission coefficients 

1 2, ,V Ve VeR T T and 2VT  are found using the boundary 
conditions given by (51)-(54) for the electric field vectors 
given by (69)-(71). The Fresnel coefficients are obtained 
as 
 

( )12
01 12

2

zi k d
V V

V
V

R R e
R

α

+
=                          (80) 
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01 0 1 1
1 2

2 1 1

(1 )V u
Ve

V z

R k kT
k

ε
α ε
+

=                       (81) 

   1201 0 1 1
2 122

2 1 1

(1 ) (1 )
e
zi k dV u

Ve V
V z

R k kT R e
k

ε
α ε
+

= +  (82) 

 
( ) ( ) ( )21010

2 12
2 2

1
1

e
zzi k k dV

V V
V

RkT R e
k α

−+
= +   (83) 

 
where   

1 0 0 1
01

1 0 0 1

e
z z

V e
z z

k kR
k k

ε ε
ε ε

−
=

+
                             (84) 

   

2 1 1 2
12

2 1 1 2

e
z z

V e
z z

k kR
k k

ε ε
ε ε

−
=

+
                    (85) 

 
12

2 01 121
e
zi k d

V V VR R eα = +        (86) 
 

4.3 Application Example 
 
Application of the electromagnetic wave propagation 

problem through composite structure can be best 
illustrated with approximating the second region in Fig. 8 
to a perfect conductor. When the permittivity of the 
second layer is taken to be infinitely large, 

2ε →∞ ,  the 
second region can be approximated as a perfect conductor. 
This structure can now be treated as a microstrip. The final 
configuration of the problem is shown in Fig. 9.   

For the microstrip layered structure involving 
uniaxially anisotropic medium shown in Fig. 9, the Fresnel 
coefficients for TE and TM waves are obtained with the 
substitution of 2ε →∞  into equations (55)-(61) and (72)-
(77). The modified Fresnel coefficients for TE waves are 
 

( )12
01

2

zi k d
H

H
H

R e
R

α

−
→                        (87) 

  
01

1
2

(1 )H
Ho

H

RT
α
+

=                      (88) 

 
z

x0,μ ε

1
,μ ε

( ) ( )1 1ˆ ˆ,o ed
z zo k e k−

( ) ( )0 0 0 0
ˆ ˆ,z zh k v k− −

0κ 0k

1 1,o eκ κ

1 1,o ek k

1

1 1

1

0 0

0 0
0 0 z

ε

ε ε
ε

⎡ ⎤
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎣ ⎦

2,μ ε →∞

( ) ( )0 0 0 0
ˆ ˆ,z zh k v k

0z =

z d= −

( ) ( )1 1ˆ ˆ,o eu
z zo k e k

 
 

 

Fig. 9 Microstrip configuration with a vertically uniaxial 
anisotropic medium. 

 
12

01
2

2

(1 ) zi k d
H

Ho
H

R eT
α

+
→ −                      (89)    

 
  2 0HT →                       (90) 

 
where  

0 1
01

0 1

z z
H

z z

k kR
k k

−
=

+
                             (91) 

 

12 1HR →−                                (92) 
 

12
2 011 zi k d

H HR eα → −   (93) 
 

Similarly, the modified Fresnel coefficients for TM 
waves are found as 
 

( )12
01

2

zi k d
V

V
V

R e
R

α

+
→                                 (94) 

 
01 0 1 1

1 2
2 1 1

(1 )V u
Ve

V z

R k kT
k

ε
α ε
+

=                            (95) 

 
1201 0 1 1

2 2
2 1 1

(1 ) 2
e
zi k dV u

Ve
V z

R k kT e
k

ε
α ε
+

→            (96)    

 
 2 0VT →                                         (97) 

where   

1 0 0 1
01

1 0 0 1

e
z z

V e
z z

k kR
k k

ε ε
ε ε

−
=

+
                        (98)  

 

12 1VR →                                     (99) 
 

12
2 011

e
zi k d

V VR eα → +       (100) 
 

5. Wave propgagation in two-layered  
    anisotropic media –  uniaxial case with  
     tilted optic axis 
 
The geometry of uniaxially anisotropic medium with 

its optic axis tilted around z-direction by an angle ψ is 
illustrated in Fig. 1. The permittivity tensor and its 
elements are given by equations (2)-(3).  When the optic 
axis of the anisotropic medium is tilted, it allows existence 
of the cross polarization components across the isotropic- 
anisotropic interface.  The numerical calculation of the 
Fresnel coefficients showing the contribution of the cross 
polarized waves is plotted in Fig. 6 for isotropic-
anisotropic interface for Taconic TLY-5A material.  
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Case 1 – TE Wave Incidence 
 
The geometry of the problem is given in Fig. 10. 

When the incident wave is TE wave or horizontally 
polarized wave, ( )ô ozh k− ,  the electric field vector in 

Region 0 will have both horizontally polarized and 
vertically polarized components due to isotropic- 
anisotropic interface. The cross polarized term in Region 0 
is accompanied with reflection coefficient 01HVR  and unit 

vector v̂ . The field vector in Region 0 can be expressed as 
 

 ( ) ( )
( )

0( ) ( )
0 0 0 0 01

0 ( )
0 0 01

ˆ ˆ

ˆ

o

o

i r i k r
z z HH i t

i k r
z HV

h k e h k R e
E e

v k R e

κ
ω

⋅ ⋅
−

⋅

⎡ ⎤− +
⎢ ⎥=
⎢ ⎥+⎣ ⎦

    (101) 

 
Upon transmission from Region 0 to Region 1, the 

transmitted horizontally polarized wave is decomposed 
into downward propagating ordinary and extraordinary 
wave components, ( )1ˆ o

zo k−  and ( )1ˆ ed
ze k , with transmission 

coefficients HoT  and HeT . Extraordinary waves in 
anisotropic region exist for TE wave incidence due to its 
tilted optic axis. The ordinary and extraordinary 
downward propagating wave components will be reflected 
back from the anisotropic-isotropic interface as illustrated 
in Fig. 10. The wave components reflected from 
anisotropic-isotropic interface will be upward propagating 
and are designated by unit vectors  ( )1ˆ o

zo k  and ( )1ˆ eu
ze k  with 

the transmission- 
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Fig. 10 Reflection and transmission of TE waves in two-

layered anisotropic structure with  a tilted optic axis. 
 
 
reflection coefficients 

HoTR  and 
HeTR . The electric field 

vector in Region 1 can be written as 
 

1 1

1 1

( ) ( )
1 1

1 ( . ) ( )
1 1

ˆ ˆ( ) ( )

ˆ ˆ( ) ( )

o o

e e

i r i k ro o
Ho z Ho z i t

i r i k red eu
He z He z

T o k e TR o k e
E e

T e k e TR e k e

κ
ω

κ

⋅ ⋅
−

⋅

⎡ ⎤− +
= ⎢ ⎥
⎢ ⎥+ +⎣ ⎦

(102) 

 

The transmitted wave in Region 2 has both 
horizontally and vertically polarized waves due to 
anisotropic-isotropic interface. The transmitted wave is 
represented with transmission coefficients 2HHT  and 

2HVT . The field vector in Region 2 is 
 

( ) ( )2 2( ) ( )
2 2 2 2 2 2 2

ˆ ˆi r i r i t
z HH z HHE h k T e v k T e eκ κ ω⋅ ⋅ −⎡ ⎤= − + −⎣ ⎦

 (103) 

 
Wave component accompanied with the transmission 

coefficient 2HVT  and unit vector v̂  is referred as cross 
polarized term. The Fresnel coefficients are found by 
application boundary conditions using equations (51)-(54) 
as described in the previous sections. TM wave incidence 
can be carried out similarly by considering the incident 
wave as a vertically polarized wave for the layered 
structure.  

 
6. Conclusion 
 
In this paper, wave propagation in two-layered 

uniaxially anisotropic media is given in detail. The 
significance of the contribution of the cross polarized 
waves due to tilted optic axis is illustrated by a numerical 
example. The reflection and transmission coefficients for 
the two-layered anisotropic structure when its optic is 
vertically oriented and tilted are derived using the 
boundary conditions across the interface between isotropic 
and anisotropic media. Application example is given using 
the results in this paper with a microstrip structure. Our 
results can be used in electromagnetic  radiation and 
scattering problems and analysis of the material properties 
for the composite structures involving anisotropic 
medium.      
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