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Propagation of electromagnetic waves in layered

anisotropic medium
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In this paper, wave propagation in two-layered anisotropic media when uniaxially anisotropic medium has its optic axis
oriented vertically and tilted around z-axis has been investigated. The Fresnel coefficients are derived for horizontally and
vertically polarized incident waves with arbitrary incident angles. The contribution of the cross polarized components of the
reflected and transmitted waves due to anisotropic- isotropic or isotropic-anisotropic interfaces have been analyzed. The
numerical results for the Fresnel coefficients have been presented. The results of this work can be used in calculation of the

electric and magnetic fields in radiation and scattering problems.
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1. Introduction

Recent advances in microwave devices increased the
significance of the material properties in the design of
high frequency devices. The material characteristics are
very important in the development of high performance
devices at the microwave ranges. Material characteristics
can be best understood by the analysis of the wave
propagation inside these materials. One of the material
types that have been very attractive for high frequency
applications is the anisotropic type material. Anisotropic
materials have been widely used in radiation, scattering
and remote sensing problems [1-11] due to their several
advantages. The anisotropic behavior of the material can
be used as a design knob to adjust critical parameters since
electric field vector is no longer always parallel with the
electric flux density for this type of medium.

Anisotropic medium can be classified based on its
permittivity or permeability tensor. Uniaxially anisotropic
medium with its optic axis oriented vertically, i.e. oriented
in z-direction, is defined with the following permittivity
tensor
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When the optic axis of the medium is tilted around z-
axis by an angle , its permittivity tensor takes the
following form
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Fig.1. Geometry of the anisotropic medium.

Fig. 2 illustrates the wave propagation through two-
layered anisotropic media for vertically or horizontally
polarized waves. Horizontally polarized waves are TE
waves which are perpendicular to the plane formed by the
wave normal and the wave vector in the isotropic medium.
Vertically polarized waves propagate parallel to this plane.
The transmitted wave in anisotropic region is an
o-—ordinary wave if the incident wave from isotropic

region is TE wave, and e —extraordinary wave if the

incident wave is TM wave. The transmitted or the
reflected waves in the isotropic region can be TE wave or
TM wave based on the incident wave and can have cross
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polarized component if the optic axis of the anisotropic
medium is tilted.

In this paper, the analysis of the wave propagation in
a two-layered anisotropic media will be given starting
from the single layered case when the anisotropic medium
has its optic axis oriented vertically and then tilted around
one of its axis. The numerical results illustrating the
contribution of the cross polarized wave due to tilted optic
axis will be presented for isotropic-anisotropic interface.
The refection and transmission coefficients for the layered
structure will be derived using half-space reflection
coefficients. Practical application example will be
presented using our results.

eky)

Fig 2. Wave propagation in two-layered anisotropic media

2. Wave propagation in a single layered
anisotropic media — vertically uniaxial case

In this section, the analysis of the wave propagation
for a single layer anisotropic media shown in Fig. 3 is
described. The anisotropic layer is considered to be
uniaxially anisotropic medium with its optic axis oriented
in z-direction (vertically uniaxial case). The wave is
incident from isotropic region designated by Region 0 to
uniaxially anisotropic region designated by Region 1. The
incident wave in isotropic region can be either a
horizontally polarized wave (TE wave) or vertically
polarized wave (TM wave). The transmitted wave in
anisotropic region is an o-ordinary wave if the

incident wave is TE wave and e —exraordinary wave if

the incident wave is TM wave. The reflected wave in
isotropic region is a horizontally polarized wave when
incident wave is TE wave and vertically polarized wave
when incident wave is TM wave. Two vectors,

h, (ikOZ)and 7(+k,,), represent the unit vectors for

horizontally polarized (TE) and vertically polarized waves
(TM) in isotropic region, respectively. Unit vectors
6(-k2) and gy represent the downward propagating
ordinary and extraordinary waves that exist in a vertically
uniaxial anisotropic medium. The unit vectors are defined
as
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Fig. 3 Reflection and transmission of waves in single-layered
anisotropic slab.
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The wave vectors showing the direction of wave
propagation are defined as

ko =K, + 2K, 9)
i, =k, -k, (10)
k, =Xk, +Vk, (11)
ke =k, + 2k, (12)
i =k, -k;,z (13)
ke =k, + 2k (14)
iy =k, +kiiz (15)
ky =& -k (16)
Ky =& K (17)

The wave numbers are found from the dispersion
relations as

G, <[k k2T (18)
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2.1 Case 1 — TE Wave Incidence

When the incident wave from Region 0 is TE wave,
the electric field vector can be represented as

Eio
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The first subscript shows the wave type (incident,
reflected, or transmitted) whereas the second subscript

shows the region. R;,,,,, is the reflection coefficient when
incident and reflected waves are both horizontally
polarized. T, is the transmission coefficient when
incident wave is horizontally polarized and transmitted
wave is an ordinary wave The reflection and transmission
coefficients, Fresnel coefficients, are found using
boundary conditions at z=0 as described in the
previous section. Application of boundary conditions at
z =0 gives following equations

IxE,=ixE, (25)

IxVxE,=2xVxE, (26)
where o 3

E,=E+E, (27a)

E,=E, (27h)
Substituting  (22),(23),(24), and (27) into (25) and (26)
gives
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2.2 Case Il - TM Wave Incidence

Now, assume that the incident wave from Region 0 is
TM wave. Then, the field vectors in each region can be
expressed as

E o =V, (ko '™ e (30)
Er,o = [\70 (ka ) Roawv g™ } e (31)
B, =| 8k e ™7 Je™ &2

Ry is the reflection coefficient when incident and

reflected waves are both vertically polarized. T, is the

transmission coefficient when incident wave is vertically
polarized and transmitted wave is an extraordinary wave.
Repeating the same procedure outlined in Section I1.A, we
can find the reflection and transmission coefficients for
TM wave incidence as
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2.3 Numerical Example

The Fresnel coefficients derived for the single layer
uniaxially anisotropic medium with a vertically oriented
optic axis are numerically calculated for Taconic TLY-5A
material and illustrated in Fig. 4. TLY-5A is a negatively
uniaxial anisotropic medium with a dissipation factor of
0.0014 in (x, y)-direction and 0.00066 in z-direction at
10GHz. The observation angle is taken to be ¢ = 45°. The
Brewster angle is numerically calculated to be 56.96°.The
theoretical value of the Brewster angle is found from

0, - asin[ CHCRLY) (51‘50)] (35)

2
&6, =&
This value matches with the angle shown in Fig. 4. As
it is illustrated in the figure, there is no cross polarized
term. This is due to the vertically oriented optic axis.
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Fig. 4 Fresnel coefficients for single layer uniaxially
anisotropic medium with a vertically oriented optic axis.

3. Wave propagation in a single layered
anisotropic media — uniaxial case with
tilted
optic axis

The cross polarization effect due to isotropic-
anisotropic interface can be obtained if the optic axis of
the uniaxially anisotropic medium is tilted around one of
its optic axis. Cross polarization effect is very important in
radiation and wave scattering problem and can be used as
an design knob. The geometry of the uniaxial anisotropic
medium when its optic axis is tilted around z-axis by angle
y is shown in Fig. 1. The permittivity tensor of the
anisotropic medium with tilted optic axis is given by
equation (2).

3.1 Case 1 - TE Wave Incidence

The geometry of the problem is given in Fig. 5. Fig. 5
shows the wave vectors for the single layer structure when
the incident wave is horizontally polarized. Upon
reflection from the isotropic-anisotropic interface the
reflected wave in Region 0 will have the cross polarized

component ROlHV .
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Fig. 5 Reflection and transmission of TE waves in single-
layered anisotropic slab with a tilted optic axis in one
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direction.

The first subscript of the cross polarized component
represents the polarization of the incident wave whereas
the second subscript represents the polarization of the
reflected wave. The transmitted wave also has the cross

polarized component due to tilted optic axis. T, is the
transmitted cross polarized component and represents the
transmitted extraordinary wave when the incident wave is

TE wave. Hence, the field vectors in each region can be
expressed as

— ~
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Application of the boundary conditions given by (25)-
(26) gives the refection and transmission coefficients as
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3.2 Case 11— TM Wave Incidence

Fig. 6 illustrates the single layer structure when the
incident wave is vertically polarized. The incident electric
field vector can be written as

E o =V, (<Ko, )™ e ™ (46)

The reflected wave with the cross polarized term is
Rown 1

0 4y (o, ) R €7 e (47)
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Ry indicates that the incident wave is vertically
polarized or TM wave, and the reflected wave is
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horizontally polarized or TE wave. The transmitted wave
in Region 1 can be expressed as

Eua =] O( )T+ 8 T, | 49
TVO
incident wave is TM wave and transmitted wave ordinary
wave or extraordinary wave, respectively. The reflection
and transmission coefficients are found using boundary
conditions as described before and given as

and T, are the transmission coefficients when the
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The coefficients a,,f,, and A, are given by
equations (43)-(45).

3.3 Numerical Example

The Fresnel coefficients derived for the single layer
vertically uniaxial anisotropic medium with a tilted optic
axis are numerically calculated for Taconic TLY-5A
material and illustrated in Fig. 6. Material properties of
Taconic TLY-5A have been given in Section IIC. As
illustrated, the cross polarization components exist
because of the isotropic-anisotropic interface with the
existence of the tilted optic axis. The magnitude of the
cross polarized components varies with the tilt angle and
observation angle. The cross polarized terms are very
important due to their contribution on the electric and
magnetic field intensities in radiation and scattering
problems.
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Fig. 6 Fresnel coefficients for single layer uniaxially
anisotropic medium with a tilted optic axis

4. Wave propgagation in two-layered
anisotropic media — vertically uniaxial case

In this section, wave propagation for two-layered
anisotropic media when the incident wave is TE or TM
polarized is analyzed.

4.1 Case 1 - TE Wave Incidence

The geometry of the problem is shown in Fig. 7. The
uniaxially anisotropic medium is assumed to have its optic
axis oriented in the z-direction.
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Fig. 7. Reflection and transmission of TE waves in two-layered
anisotropic structure.

The electric field vector in Region 0 is expressed as

E, = |:h0 (_koz )ei(r?of) + ﬁo (koz ) Ry ei(Eof) } giot (53)

The reflected wave in Region 0 is also a horizontally
polarized wave. R, is the reflection coefficient which has

the reflected wave components from isotropic-anisotropic
interface and anisotropic-isotropic interface when incident
wave is horizontally polarized. The transmitted wave in
Region 1 is expressed as

E, = 6(—K0 ) Tus " +6(kp, ) T 7 e (54)
T,o1is the transmission coefficient for the downward

propagating ordinary wave and T, is transmission

coefficient for upward propagating ordinary wave. In
Region 2, there is only downward propagating wave
which is horizontally polarized. The field vector in
Region 2 can be expressed as

(AT 6
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T,,, is the transmission coefficient in Region 2 when the
incident wave in Region 0 is a horizontally polarized wave
. The Fresnel coefficients Ry, T, T,,,and T, are
found by using the following boundary conditions at

z=0,-d

IxE,=17xE, (56)
IxVxE,=7xVxE, (57)
IxE, =7xE, (58)
IxVxE, =7xVxE, (59)

The Fresnel coefficients after application of the
boundary conditions (56)-(59) to field vectors are found as

(RH ot Rleemkhd )
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4.2 Case 11 - TM Wave Incidence
Now, assume that the incident wave in Region 0 is

TM wave for the layered structure shown in Fig. 8. The
field vectors in Region 0, 1, and 2 can be expressed as

By =[ Uy (k)€ 40, (ky, )R Je™ (77)

£, = [o(ke T sk T 057 e )
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Fig. 8 Reflection and transmission of TM waves in two-
layered anisotropic structure.

The reflection and transmission coefficients
R/ Ters Tvepand T, are found using the boundary
conditions given by (51)-(54) for the electric field vectors

given by (69)-(71). The Fresnel coefficients are obtained
as

R\/Ol + R/lzeiZklzd ) (80)

Qs

.
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4.3 Application Example

Application of the electromagnetic wave propagation
problem through composite structure can be best
illustrated with approximating the second region in Fig. 8
to a perfect conductor. When the permittivity of the
second layer is taken to be infinitely large, ;, >, the

second region can be approximated as a perfect conductor.
This structure can now be treated as a microstrip. The final
configuration of the problem is shown in Fig. 9.

For the microstrip layered structure involving
uniaxially anisotropic medium shown in Fig. 9, the Fresnel
coefficients for TE and TM waves are obtained with the

substitution of &, — oo into equations (55)-(61) and (72)-
(77). The modified Fresnel coefficients for TE waves are

 aizkyd
R, _, (Rug—e™?) (87)
Q2
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Fig. 9 Microstrip configuration with a vertically uniaxial
anisotropic medium.

i2k,,d
T, —— & Run)e (89)
P
Ty, —0 (90)
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k,, —k
RH o — 0z 1z (91)
ka + k1z
Ry, >-1 (92)
., = 1—R, e (93)

Similarly, the modified Fresnel coefficients for TM
waves are found as

+piZkud
R, —> M (94)
Ay
T, = A+Ryo) koky, & (95)
’ aVZ klz ng

T @R KKy & Haca (96)

e Qs klz &y
T,, >0 97)
where
R,y = &Ko, — &0k, (98)
o &Ky, +&oKS,
R, —1 (99)
&, —>1+R, e " (100)

5. Wave propgagation in two-layered
anisotropic media — uniaxial case with
tilted optic axis

The geometry of uniaxially anisotropic medium with
its optic axis tilted around z-direction by an angle v is
illustrated in Fig. 1. The permittivity tensor and its
elements are given by equations (2)-(3). When the optic
axis of the anisotropic medium is tilted, it allows existence
of the cross polarization components across the isotropic-
anisotropic interface. The numerical calculation of the
Fresnel coefficients showing the contribution of the cross
polarized waves is plotted in Fig. 6 for isotropic-
anisotropic interface for Taconic TLY-5A material.
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Case 1 — TE Wave Incidence

The geometry of the problem is given in Fig. 10.
When the incident wave is TE wave or horizontally

polarized wave, h, (—koz), the electric field vector in

Region 0 will have both horizontally polarized and
vertically polarized components due to isotropic-
anisotropic interface. The cross polarized term in Region 0

is accompanied with reflection coefficient Ry,,,, and unit
vector V. The field vector in Region 0 can be expressed as
r:]\O (_kOZ )ei(’?o.r) + ﬁ0 (kOZ ) ROlHHei(EOIF)

E = A . e—iwt
+VO (kOZ ) ROlHVe

(101)

Upon transmission from Region 0 to Region 1, the
transmitted horizontally polarized wave is decomposed
into downward propagating ordinary and extraordinary
wave components, 6(—k1°z) and @(kff)' with transmission

coefficients T, and T,,. Extraordinary waves in

anisotropic region exist for TE wave incidence due to its
tilted optic axis. The ordinary and extraordinary
downward propagating wave components will be reflected
back from the anisotropic-isotropic interface as illustrated
in Fig. 10. The wave components reflected from
anisotropic-isotropic interface will be upward propagating
and are designated by unit vectors 5(ks,) and §(k) with

the transmission-

By (koz) ’ by (ks.)

ROlHH and ROlH\/
Region 0
1, &y X
=u z=0
HE
Region 1
PEE z=—d

and T,

Fig. 10 Reflection and transmission of TE waves in two-

layered anisotropic structure with a tilted optic axis.

reflection coefficients TR, and TR, . The electric field
vector in Region 1 can be written as

= | Tu0(kD)e ) TR, G (ks )e ™

T8 D TR, Bk e

g1t (102)

The transmitted wave in Region 2 has both
horizontally and vertically polarized waves due to
anisotropic-isotropic interface. The transmitted wave is

represented with transmission coefficients T,,,, and

T,y - The field vector in Region 2 is

B = [ o (a0 ) Tore€ "+, (g, ) Ty e (103)

Wave component accompanied with the transmission
coefficient T,,,, and unit vector V is referred as cross
polarized term. The Fresnel coefficients are found by
application boundary conditions using equations (51)-(54)
as described in the previous sections. TM wave incidence
can be carried out similarly by considering the incident
wave as a vertically polarized wave for the layered
structure.

6. Conclusion

In this paper, wave propagation in two-layered
uniaxially anisotropic media is given in detail. The
significance of the contribution of the cross polarized
waves due to tilted optic axis is illustrated by a numerical
example. The reflection and transmission coefficients for
the two-layered anisotropic structure when its optic is
vertically oriented and tilted are derived using the
boundary conditions across the interface between isotropic
and anisotropic media. Application example is given using
the results in this paper with a microstrip structure. Our
results can be used in electromagnetic radiation and
scattering problems and analysis of the material properties
for the composite structures involving anisotropic
medium.
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